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Resumen
A comienzos del siglo XXI se desarroll6 una peculiar discusion sobre sobre la posible existencia de contradicciones sin
solucion en las bases conceptuales de la electrodinamica clasica. Los argumentos expuestos para sefialar tales presuntas
inconsistencias, asi como las réplicas que recibieron, constituyen un ejemplo excelente de controversia cientifica de la
cual la teoria electromagnética salié indemne. Sin embargo, los detalles del debate demuestran que la fisica clasica, lejos
de hallarse privada de problemas interesantes, aun puede albergar diversas y profundas lineas de investigacion de
caracter fundamental.

Palabras clave: Electrodinamica clasica, modelo del electrdn, inconsistencias tedricas, materia y campo.

Abstract
At the beginning of the 21st century, a peculiar discussion about the possible existence of unresolvable contradictions
in the conceptual bases of classical electrodynamics was carried out. The arguments put forward to point out such alleged
inconsistencies, as well as the replies they received, constitute an excellent example of scientific controversy from which
electromagnetic theory emerged unscathed. However, the details of the debate show that classical physics, far from
being devoid of interesting problems, can still accommodate various and profound lines of research of a fundamental

nature.

Keywords: Classical electrodynamics, electron model, theoretical inconsistencies, matter and field

I. INTRODUCCION

Frente a la extendida opinién segun la cual los Unicos
problemas fisicos dignos de interés surgen en disciplinas
nacidas a lo largo del siglo XX, la teoria electromagnética,
en su formulacion mas tradicional, plantea algunos de los
maés desafiantes retos para los fundamentos de la fisica. No
se trata ya de asuntos relacionados con las fronteras de la
investigacion, como la fisica del plasma, los fenémenos
magnetohidrodindmicos o la fotonica no lineal, que en todas
las disciplinas cientificas existen. En este caso hemos de
enfrentarnos a cuestiones que alcanzan las raices
conceptuales de la teoria que se discute, acaso debilitando su
propia coherencia interna.

Asi ocurrio con el debate desarrollado durante la primera
década del siglo XXI sobre la inconsistencia fundamental de
la electrodinamica clasica. El fuego dialéctico lo abrio M.
Frisch, de la Universidad de Hannover, quien poco después
recibi6 una contundente respuesta por parte de F. A. Muller,
de la Universidad de Utretch, seguido en la misma linea por
G. Belot, de la Universidad de Michigan.

Por momentos las discrepancias parecian desplazarse
hacia la duda de si los contendientes se estaban refiriendo
realmente al mismo cuerpo tedrico, o cada uno de ellos se
remitia a su propia version de la electrodinamica clasica. Eso
condujo a su vez, siquiera subsidiariamente, a la cuestion de
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las distintas formulaciones de una misma teoria cientifica, y
si todas ellas son intercambiables, o en qué grado lo son.

La agitacion acabd por aquietarse, aunque las alegaciones
expuestas durante la pugna fueron de tal calibre que cabria
preguntarse si el asunto qued6 saldado definitivamente, o
sencillamente se halla en estado de letargo hasta reavivarse
en cuanto aparezcan mejores argumentos. Por ello, con el fin
de obtener una visién de conjunto acerca de esta discusion
tan profunda como polifacética, el presente articulo
comenzara remontandose, en el segundo y tercer apartado, a
los origenes historicos de esta controversia, situados en la
comprension cientifica de los fendmenos electromagnéticos
elaborada a lo largo del siglo XIX. Después se expondran en
el cuarto epigrafe las tesis principales de la acometida de
Frisch contra las bases de la electrodinamica clésica,
contrapesadas por las correspondientes respuestas que él
mismo recibié. El quinyo y Gltimo epigrafe se dedicara al
intento de trazar un balance de los argumentos vertidos en
esta disputa.

Il. SURGE LA ELECTRODINAMICA

La magna obra del escocés James Clerk Maxwell (1831 —
1879) logré la unificacion de los fendmenos eléctricos,
magnéticos y Opticos al costoso precio de renunciar
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simultaneamente a ciertos rasgos de las visiones del mundo
de Faraday y de Newton (dos concepciones en muchos
aspectos enfrentadas entre si) sobre las cuales este autor
decia sostenerse. Como la inmensa mayoria de sus
contemporaneos, Maxwell suponia la existencia de un medio
invisible e imponderable que ocupaba todo el espacio —el
éter— y actuaba como soporte de la propagacion de ondas
luminosas, fuerzas electromagnéticas y gravitatorias [1]. La
mision principal del éter consistia en satisfacer un requisito
fundamentalmente metafisico, cual era el deseo de eludir las
acciones a distancia. La idea de campo debida a Faraday
resolvia la cuestion a falta de un sustrato material, en
apariencia indispensable para justificar la realidad fisica de
las lineas de fuerza de los campos. Ese era el papel que se
adjudicaba entonces al éter decimonénico.

Maxwell, no obstante, construy6 su propio modelo de
éter asimil&ndolo a un sistema mecénico de rodillos y
cojinetes en el que se prescindia de propiedades que hoy se
nos antojan tan basicas como la carga eléctrica. Con todo y
ello, obtuvo unas ecuaciones de campo sustancialmente
idénticas a las que utilizamos en la actualidad
considerandolas plenamente acertadas en el dominio
macroscdpico [2]. Esto no significa que a finales del siglo
XIX faltasen autores dispuestos a retocar la teoria
maxwelliana especificando las propiedades del éter, ya fuese
como un fluido perfecto o como un soélido elastico. Pese a los
esfuerzos de investigadores del calibre de Lord Kelvin,
Lodge, Larmor, Heaviside o Fitzgerald, nada definitivo se
consiguio al respecto [3].

El siguiente paso fue dado por el holandés Hendrik
Antoon Lorentz (1823 — 1958), quien decidi6 reinterpretar la
electrodindmica de Maxwell en 1892 afadiendo dos
postulados [4]: (1°) Los campos electromagnéticos tienen su
origen en una propiedad —la carga eléctrica— poseida por las
particulas que a nivel microscopico constituyen la materia;
(2°) El éter permanece perfectamente inmovil ante el
movimiento de la materia y de los campos electromagnéticos
a ella asociados. Cuando el britanico Joseph John Thomson
(1856 — 1940) descubrié experimentalmente la particula que
hoy denominamos “electron”, las hipdtesis de Lorentz
adquirieron un atractivo irresistible y las ecuaciones del
campo electromagnético pasaron a denominarse “ecuaciones
de Maxwell-Lorentz”.

A las cuatro ecuaciones de Maxwell que describen las
variaciones reciprocas de los campos eléctricos y magnéticos
en el espacio y el tiempo (ecs. 1 — 4), Lorentz afiadi6 una
quinta (la “fuerza de Lorentz”), referida a la fuerza
electromagnética que actlia sobre una particula cargada en
movimiento (ec. 5). Como de costumbre, E y B son,
respectivamente los campos eléctrico y magnético, p es la
densidad de carga eléctrica, J es la densidad de corriente, v
la velocidad de la particula cargada y g el valor de su carga
eléctrica.

El hecho de que la particula cargada sobre la que actdan
las fuerzas electromagnéticas porte su propio campo, el cual
interactia con los campos externos, anunciaba el
advenimiento de serios problemas, como pronto advirtieron
investigadores de la talla de Poincaré. Al gran cientifico
francés no se le escaparon las consecuencias de la auto-
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induccion electromagnética, en relacién con el fenémeno
denominado “reaccion radiativa” [5].

Hendrik Antoon Lorentz

V-E = 4np, (1)
VxB — (0E/ét) = J, @)
VxE — (8B/at) = 0, @3)
V-B=0, (4)
F=g(E+0vxB). 5)

Una carga eléctrica sometida a un campo electromagnético
se acelera y emite radiacion, alterando la fuerza de Lorentz
sobre ella, lo que a su vez modifica la aceleracion de la
particula y su irradiacion. De este modo, el campo
electromagnético dependera de las derivadas de la posicion
con respecto al tiempo en todos los 6rdenes hasta el infinito.
De inmediato Poincaré se percat6é de que tan peculiar efecto
se traducia en una componente afiadida al valor total del
campo proporcional a la aceleracion, lo que a su vez podia
interpretarse como una contribucién electromagnética a la
inercia de la particula.

Consideraciones como estas animaron el denominado
“programa electromagnético”, consistente en el intento de
reducir las caracteristicas puramente mecanicas de la
materia, como la masa inercial, a subproductos de sus
propiedades electromagnéticas. Desde semejante punto de
vista, el genuino sustrato de la realidad fisica no seria sino el
campo electromagnético y, por tanto, la mecénica clasica
newtoniana deberia subsumirse de algin modo en la
electrodinamica de Maxwell-Lorentz convenientemente
ampliada. Adalides en esta linea de pensamiento fueron los
alemanes Wilhelm Wien (1864 — 1928) y Max Abraham
(1875 - 1922).

http://www.lajpe.org



El programa electromagnético se agoté en si mismo,
anegado por la marea de avances tedricos y experimentales
acaecidos a comienzos del siglo XX, dejando abierto el
interrogante sobre la completa reconciliacion entre mecanica
y electrodindmica. Incluso en un texto clasico como el de
Landau y Lifshitz se reconoce la dificultad de tomar
rigurosamente en cuenta ciertos efectos de dificil
tratamiento. Asi ocurre cuando tratamos de explicar la
pérdida de energia por radiacion en las cargas aceleradas por
un campo externo introduciendo las llamadas “fuerzas de
rozamiento de Lorentz” y se llega a la conclusion de que una
carga que atraviese un campo electromagnético, al salir de él,
experimentaria una autoaceleracion ilimitada [6]:

«Se nos puede plantear la pregunta de como la
electrodinamica, que cumple la ley de la conservacién
de la energia, puede conducir a un resultado absurdo
en el cual una particula libre aumenta
indefinidamente su energia. La raiz de esta
contradiccion estriba en realidad en la presunta
"masa" electromagnética "propia”, infinita, de las
particulas elementales de que hablamos [...]. Al
escribir en las ecuaciones del movimiento la masa
infinita de la carga, en realidad le asignamos
formalmente una "masa propia" negativa infinita, de
origen no electromagnético, que conjuntamente con
la masa electromagnética daria por resultado la masa
finita de la particula. Pero la substraccion de una
magnitud infinita de otra también infinita no es una
operacién matematica correcta, y esto ocasiona toda
una serie de contradicciones entre las que figura la
que acabamos de indicar.»

I11. LA TEORIA CLASICA DEL ELECTRON

No solo existian inquietudes sobre las interacciones entre
campos y particulas, sino que el propio concepto de
corpusculo eléctricamente cargado se enfrentaba a muy
graves obstaculos. Si suponemos que el electron es una
particula puntual, una simple mirada a la ley de Coulomb
revela que el campo eléctrico tenderia a infinito, ya que al
aproximarnos a un punto, r — 0y, obviamente, F oc 1/r> >
oo . Parece I6gico que asi sea, por cuanto estamos asignando
una carga eléctrica finita a un volumen nulo con el resultado
de una densidad de carga infinita. Esto no parecia muy
tolerable, lo que empujo a los tedricos a ocuparse de modelos
no puntiformes para los electrones [7, 8, 9, 10].

El hecho de admitir que el electron podria ser un objeto
extenso, una esfera de radio finito, no se hallaba exento de
problemas. En ese caso habria de explicarse coémo es que el
electron no se descompone a causa de la repulsion
electrostatica entre sus partes. Poincaré sefialé este escollo y
propuso como solucién la existencia de fuerzas no
electromagnéticas que compensaban tal repulsion, las
llamadas “tensiones de Poincaré”. En la electrodinamica
cuantica también se necesitan fuerzas no electromagnéticas
que equilibren las repulsiones eléctricas entre las diversas
partes de un electron extenso. Es decir, ni en la
electrodinamica clésica ni en la cuéntica el electrdn se revela

Lat. Am. J. Phys. Educ. Vol. 19, No. 4, Dec., 2025

4301-3

El debate sobre la consistencia de la electrodinamica

como una entidad autosuficiente, puesto que siempre se
necesitan campos compensatorios de las fuerzas internas que
no pueden ser ellos mismos electromagnéticos.

Jules Henri Poincaré

En esencia, nos encontramos ante el mismo inconveniente
mencionado por Landau y Lifshitz al final del apartado
anterior. Se supone que la masa del electrén se compone de
una parte electromagnética y otra que no lo es —quebrando
asi el paradigma puramente electromagnético de Abraham-—
esta Ultima con signo negativo. El recurso a las tensiones de
Poincaré para compensar la repulsion interna de una
distribucién esféricamente uniforme de carga (como suponia
el caso pre-relativista), por otro lado, resultaba irrelevante en
el analisis del modelo no puntual del electrén [11]:

«The arbitrariness of the Lorentz-Poincaré electron is
much greater than the freedom we have in choosing
the 00-component of the energy-momentum tensor
for the mechanism stabilizing a spherical surface
charge distribution. For starters, we can choose a
(surface or volume) charge distribution of any shape
we like —a box, a doughnut, a banana, etc. As long as
this charge distribution is subject to the Lorentz-
FitzGerald contraction, we can turn it into a system
with the exact same energy-momentum-mass-
velocity relations as the Lorentz-Poincaré electron by
adding the appropriate  non-electromagnetic
stabilizing mechanism. Of course, as the analysis in
this section, [...], shows, any closed static system will
have the same energy-momentum-mass-velocity
relations as the Lorentz-Poincaré electron, no matter
whether it consists of charges, electromagnetic fields,
and Poincaré pressure or of something else altogether.
The only thing that matters is that whatever the
electron is made of satisfies Lorentz-invariant laws.
The restriction to static closed systems, moreover, is
completely unnecessary. Any closed system will do.
In short, there is nothing we can learn about the nature
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Rafael Andrés Alemafi Berenguer

and structure of the electron from studying its energy-
momentum-mass-velocity relations.»

El modelo clasico del electron, en todo caso, resultaba
energéticamente inestable a falta de una ligadura que
contrapesara la repulsion electrostatica, aun cuando
Weisskopf mostrase que su carga parecia hallarse dispersa
sobre una region en la escala de la longitud de onda de
Compton [12]. Como cabia suponer, el significado fisico de
la introduccidon de masas negativas despertd un reluctante
escepticismo [13]. Sin embargo, parecia justificado esperar
que la energia responsable de mantener la integridad del
electrén fuese negativa si tenemos en cuenta que la energia
del campo electromagnético se define como el trabajo
necesario para reunir una carga elemental a partir de sus
porciones infinitesimales separadas infinitamente entre si.
De hecho, la bisqueda de modelos clasicos para el electrén
que se demuestren energéticamente estables sigue siendo una
cuestion abierta en la actualidad, pese a las diversas
respuestas ofrecidas hasta la fecha [14, 15].

El hecho es que la ontologia de la electrodindmica clasica
establece una distincién taxativa entre particulas y campos,
lo que a su vez divide las leyes de la teoria en dos mitades:
por un lado las ecuaciones de Maxwell, destinadas a explicar
cémo las particulas cargadas crean los campos, y por otro la
fuerza de Lorentz, concerniente al efecto de los campos sobre
las cargas. De las ecuaciones maxwellianas poco cabe
discutir porque el problema se halla en la fuerza de Lorentz,
en principio compuesta por dos términos, una componente
externa y otra interna. Los campos electromagnéticos
externos a la particula cargada, obviamente, son los
responsables de la componente externa de la fuerza de
Lorentz total, mientras que la componente interna, o
“propia”, tiene su origen en la accion del campo sobre la
propia particula que lo genera. Es decir, Fit = Fext + Fint.

Dificilmente podremos caracterizar esa fuerza de Lorentz
interna sin disponer de un modelo sobre la estructura de la
particula cargada que nos indique cémo los campos afectan
el comportamiento de su propia fuente. La que podriamos
llamar “auto-accion” se debe al hecho de que el campo
coulombiano de diferentes partes de un electron
—supongdmoslo asi— afecta otras partes de ese mismo
electrdn como campos externos, creando unas fuerzas que no
se equilibran cuando el electréon acelera. Por ello, solo
cuando tengamos una aproximacion a la estructura de la
particula podremos calcular la fuerza interna de Lorentz
porque solo entonces podremos sumar los efectos sobre cada
una de las diferentes partes del electron de los campos
producidos por el resto de la particula (y aun asi deberiamos
plantearnos si existe alguna auto-accion de cada parte sobre
si misma).

La alternativa a tan abstrusa situacion pasaria por tomar
la energia irradiada por el electron acelerado y calcular la
fuerza sobre la particula mediante la conservacion de la
energia. Esta estrategia conduce a la ecuacion de Abraham-
Lorentz, cuya deduccion, desafortunadamente, arrastra un
importante abanico de problemas debido a su caracter no
newtoniano, ya que es una ecuacion de tercer orden en la
derivada de la posicion con respecto al tiempo [16]. El
principal obstaculo nace de la existencia de soluciones no
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fisicas que infringen la conservacion de la energia, como es
el caso de las autoaceleraciones que la ecuacion predice
incluso cuando la fuerza externa sobre la particula se anula
por completo.

Una generacion mas tarde los requisitos de la relatividad
especial se incorporaron explicitamente en la llamada
ecuacion de Lorentz-Dirac. A pesar de su denominacion, el
britanico Paul Dirac (1902 — 1984) no obtuvo esta ecuacion
como el limite puntual de un electrdn extenso, sino que
asumio el caracter puntiforme del electron desde el inicio,
suponiendo la validez de las ecuaciones de Maxwell en todas
las escalas de distancia (excepto en el punto mismo ocupado
por el electron). No obstante, el gran fisico inglés siempre
insisti6 en que esta ecuacion tenia un alcance puramente
fenomenoldgico y aun asi con restricciones, pues deben
imponerse ciertas condiciones sobre las fuerzas externas
presentes si queremos eludir la aparicién de soluciones sin
significado fisico [17].

IV. ¢(ES LA ELECTRODINAMICA CLASICA
INCONSISTENTE?

Las acusaciones de inconsistencias que Frisch iba a formular
contra la electrodinamica clasica en la primera década del
siglo XXI, asi pues, contaban con venerables precedentes y
un dilatado historial de discusiones al respecto. Ahora bien,
la vertiente mas novedosa de sus objeciones provino del
caracter irrefutable con el que las revistid, —negando la
posibilidad de que futuras ampliaciones teoricas las
superasen— y de las consecuencias epistemoldgicas que
pretendio extraer de ellas. De las presuntas incoherencias que
detectaba en los fundamentos de la teoria electromagnética,
Frisch coligié que cierto grado de inconsistencia debia ser
inherente al conocimiento cientifico, por lo cual mas que
combatirlo tendriamos que aprender a adaptarnos a él.

El primer movimiento en esta direccion tuvo lugar por
medio de un articulo publicado en 2004 con el sugerente
titulo Inconsistency in Classical Electrodinamycs [18]. El
tema de este trabajo se amplio un afio después dando paso a
un libro completo titulado Inconsistency, Asymmetry, and
Non-Locality: A Philosophical Investigation of Classical
Electrodynamics [19]. Ya en 2009, un lustro tras el inicio de
la polémica, Frisch publico otro articulo [20] donde
compendiaba las ideas principales recogidas en su libro de
2005 sin afiadir contenidos sustancialmente nuevos.

El subtitulo del libro de Frisch (“Una investigacion
filosofica de la electrodinamica clasica”) manifiesta con toda
claridad que la intencion del autor es la de extraer todas las
conclusiones fisicas y metafisicas que se obtuviesen de las
premisas por €l defendidas en el texto. Quizas por ello su
contenido se divide en dos grandes secciones: la primera
parte se ocupa de las particulas y la segunda de los campos.

Los capitulos dedicados a los campos tratan la ausencia
de ondas electromagnéticas adelantadas en el tiempo
(cronoretrégradas), pese a estar permitidas por las ecuaciones
de Maxwell, asi como las conexiones de este problema con
la entropia y la termodindmica. Hacia el final de la obra
también se mencionan los efectos no locales auspiciados por
el efecto Aharanov-Bohm en relacion con la descripcion
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cuéntica de los potenciales electromagnéticos. Estos asuntos
raramente podrian calificarse de inconsistencias, sino que
mas bien se trataria de cuestiones abiertas en curso de
investigacion, que conectan a su vez con interrogantes fisicos
mucho mas amplios, cuyo desenlace no tiene visos de
amenazar la coherencia de la teoria.

En realidad, es en los capitulos referidos a las particulas
en el seno de la electrodindmica donde se encuentran las
objeciones centrales contra el edificio tedrico de la
electrodinamica clésica. Frisch comienza asegurando que las
contradicciones objeto de sus criticas se derivan
directamente del que —en su opinién— es el esquema tedrico
universalmente empleado por los especialistas en
electrodinamica. Esa formulacion se sintetiza en cuatro
suposiciones basicas: (1°) Existen particulas eléctricamente
cargadas susceptibles de experimentar aceleraciones; (2°) las
ecuaciones de Maxwell describen correctamente los campos
electromagnéticos; (3°) la expresion de la fuerza de Lorentz
sobre las particulas cargadas es valida; y (4°) la energia se
conserva en las interacciones entre cargas y campos.

La conservacion de la energia, mas que como un
postulado inicial, suele deducirse de las propias simetrias de
la teoria, cuyas ecuaciones dindmicas pueden escribirse en
forma lagrangiana o hamiltoniana para obtener de inmediato
—mediante los teoremas de Noether— las correspondientes
leyes de conservacion.

Asi pues, no parece justificado situar la conservacion de
la energia entre las premisas tedricas de la electrodindmica
clésica; hacerlo asi supone colocarnos en la misma posicion
de los cientificos decimononicos que carecian de la vision de
conjunto que hoy tenemos de la teoria y de su evolucion
posterior. En ese mismo sentido, actualmente sabemos que el
comportamiento microscopico de los electrones no pertenece
en rigor al régimen clasico sino al cuantico, donde no es
sorprendente que la fisica clasica ofrezca pobres resultados.

El nudo de la contradiccion que Frisch sefiala se halla en
el hecho de que, a su juicio, la ley de fuerzas
electromagneticas de Lorentz estipula que la variacién de
energia de una carga se debe tan solo al efecto de la
componente externa de la fuerza, Fex; €s decir, Fix = 0. Bajo
esta condicién, Frisch llega a una contradiccién al deducir
gue una carga acelerada emite y no emite, al mismo tiempo,
energia en forma de radiacion [19].

Una réplica que de inmediato puede surgir entre quienes
no respalden estas objeciones subrayaria que, precisamente
esas inconsistencias, 0 el quebrantamiento de Ila
conservacion de la energia, revelan que la posicién de Frisch
es insostenible [21]. La autoconsistencia como requisito
I6gico y la conservacion de la energia como principio
regulativo sirven para cribar aquellas propuestas que aspiren
a ser aceptadas en calidad de teorias cientificas de pleno
derecho. Los planteamientos que no cumplan con tales
precondiciones se veran descartados desde el principio. De
adoptarse semejante punto de vista la pregunta pertinente
serfa entonces por qué Frisch llega a las conclusiones que
dice obtener de su version de la electrodindmica cléasica.
Averiguar las raices de esas aparentes inconsistencias
también parece interesante como ejercicio de aclaracion de
las bases sobre las que descansa la teoria electromagnética
[22].
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En la inmensa mayoria de los casos reales la
electrodinamica clésica se muestra capaz de proporcionar
respuestas de extrema precision prescindiendo de las
autoacciones (Finx = 0), circunstancia que no impide
reconocer su caracter de mera aproximacion [23]. En el caso
mas general —como sabemos— el movimiento acelerado del
electron provoca variaciones en los campos que afectan el
propio movimiento del electron, lo que a su vez modifica los
campos y asi sucesivamente. En otras palabras, tanto los
campos como sus fuentes resultan desconocidos, aun cuando
sepamos que sus variaciones se hallan acopladas, lo que nos
permite comprender la complejidad del problema. Las
formas de abordarlo son muy numerosas, si bien todas ellas
se basan en una variada gama de idealizaciones vy
simplificaciones adaptadas a una gran diversidad de casos
[24].

En [20] Frisch realiza unas apreciaciones a primera vista
sorprendentes:

«The problem is that any theory with self-interactions
has to posit a model for charged particles and
arguably there is no physically ‘well-behaved’ model
of a discrete finitely charged particle that does not
involve what by the theory’s own lights are
idealizations.»

La pregunta que queda flotando en la mente del lector
cuestionaria donde esta el problema que sugiere el paragrafo
precedente. Naturalmente que todas las teorias cientificas,
como construcciones que son del intelecto humano,
involucran idealizaciones en mayor o menor grado y en
cualquiera de sus niveles de sofisticacion. Por ejemplo, la
ecuacion de los gases ideales —como su mismo nombre
indica— es una idealizacion de alto nivel que se puede
reemplazar en ciertas condiciones por la ecuacion de Van der
Waals, pretendidamente méas cercana al comportamiento de
los gases reales. Pero nunca criticariamos la fisica de fluidos
por ofrecernos teorias que nunca encajan a la perfeccion con
la naturaleza real de los objetos que estudia.

Frisch entra en detalles un poco mas adelante y puntualiza
que las idealizaciones sometidas a su critica resultan
callejones sin salida que abocan a contradicciones
insalvables. Por ejemplo, al tratar al electron como una
particula puntual, chocamos con los valores infinitos del
campo en la propia localizacion de la particula. Y cuando
consideramos modelos de particulas extensas evitamos las
cantidades infinitas al precio de infringir las restricciones
relativistas que prohiben la propagacion de sefiales
superluminicas. No obstante, debemos acoger estas
afirmaciones con suma cautela, pues hay motivos para
desconfiar de las mismas.

En la electrodindmica clasica —y presumiblemente
también en la cuantica— solemos encontrarnos con dos clases
de problemas: aquellos en los que conociendo los campos y
su variacion con el tiempo hemos de calcular el efecto por
ellos producido sobre cargas y corrientes, y aquellos otros en
los que dada la distribucién de cargas y corrientes debemos
determinar los campos electromagnéticos engendrados. Sin
embargo, existe un tercer tipo de problemas, mucho mas
complicado, en el cual tendriamos que resolver un conjunto
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de ecuaciones acopladas en derivadas parciales en las que se
tomen en cuenta ambas componentes, externa e interna, de
los campos electromagnéticos utilizando la fuerza de
Lorentz.

Frisch reconoce que de optar por esta via las
inconsistencias que él denuncia quedarian muy debilitadas,
aunque sefiala que se trata de un camino inviable, minado por
multitud  de  enredos  conceptuales como las
autoaceleraciones o el valor infinito para el potencial
eléctrico de una carga puntual. Pero no hay tal, pues la
energia electrostatica de una carga puntual en reposo puede
obtenerse mediante una integral sobre todo el espacio salvo
una diminuta esfera de radio d > 0 tan pequefio como se
quiera [25]. Esto es, exceptuando una esfera de radio d
arbitrariamente minusculo, la integral que define la energia
electrostatica de una carga puntual no diverge. ;Qué ocurre
en d = 0? En tal caso la divergencia de los calculos nos dice
que la teoria electromagnética no tiene cabida para particulas
cargadas de tamafio nulo. Sencillamente constatamos que las
cargas puntuales no son entidades propias de la
electrodinamica clasica.

La alternativa a este planteamiento pasa por las técnicas
de renormalizacion, que obtienen la masa experimental
medida del electron mey, a partir de dos cantidades: la masa
equivalente a la energia de su propio campo (incluyendo, en
el caso cuéntico, toda clase de particulas virtuales), ms, y la
masa que quedaria si tales campos desapareciesen, mq. Para
lograr la conclusion deseada mqy debe ser negativa y ajustarse
con mucho cuidado, por cuanto los calculos indican que tanto
ms como my tienden a infinito cuando se toman en cuenta
todos los 6rdenes de correccion.

Frisch juzga esto como un problema insalvable cuando,
en principio, no lo es. Puede resultar engorros —y a menudo
lo es— calcular meyy = Ms — Mg, pero lo cierto es que la
diferencia de dos series divergentes puede muy bien
converger por si misma [26]. Por fortuna, asi ocurre con la
suficiente asiduidad para que las técnicas de renormalizacion
constituyan una herramienta Gtil y versatil en la fisica tedrica,
pese a su discutible trasfondo interpretativo.

Tras un analisis cuidadoso, también es posible
contemplar la pre-aceleracion y a la auto-aceleracién como
artefactos de calculo causados por las complejidades
inherentes a los problemas en los que consideramos las
interacciones mutuas entre cargas y campos. Esta clase de
aceleraciones no fisicas desaparecen cuando reformulamos
la ecuacién de Abraham-Lorentz en forma integro-
diferencial e imponemos las adecuadas condiciones de
contorno [27, 28, 29]. Y no es el Unico ejemplo; tampoco
sufren estos problemas la ecuacion de Abraham modificada
[15] y la ecuacién de Yaghjian [30].

V. CONCLUSIONES

La electrodindmica clasica introdujo por primera vez una
duplicidad irreducible en su base ontologica, formada por
particulas y campos. Las particulas idealizaban las porciones
discretas de materia como puntos sin  volumen,
perfectamente localizables en el espacio fisico, mientras los
campos constituian una nueva clase de entidad fisica
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continua y extensa —presente en todo el espacio, en
principio— cuya fuente era la propia materia que también se
veia afectada por su influencia. Las propiedades de particulas
y campos se mostraban tan dispares que casi deberiamos
sorprendernos de la belleza y potencia de la unificacion
llevada a cabo por Maxwell con los posteriores retoques de
Lorentz.

Sin embargo, el doble papel de la materia como sujeto
activo (los crea) y como objeto pasivo (los sufre) de los
campos no podia dejar de traer complicaciones en algun
momento. Y de hecho el desarrollo de la teoria
electromagnética constatd la existencia de problemas sin
solucion cerrada, especialmente en los casos en los que se
deseaba tener en cuenta simultdneamente ese doble papel
mencionado mas arriba infiriendo de él una descripcion
dindmica completa de campos, cargas y corrientes.

La sutileza de los caminos abiertos para rebasar tales
obstaculos lleg6 a ser de tal calibre que se fue confundida con
la existencia de paradojas, contradicciones e inconsistencia
por autores como Frisch. Un andlisis mas profundo, no
obstante, revela que la electrodinamica cuenta con problemas
sin resolver, como todas las ciencias dignas de tal nombre,
pero carece de verdaderas inconsistencias en un nivel
fundamental. Las dificultades conceptuales que sin duda
posee se trasladan en su modalidad especifica al mundo
cuantico, hasta tal punto de que la electrodindmica cuéntica,
mas que una teoria fundamental de la que se deriva la version
clasica, podria tomarse como una extensién de la
electrodinamica clasica a un dominio en el que sus conceptos
y estrategias pierden validez [31].

Pese a todo, el debate mantenido por Frisch con el resto
de la comunidad cientifica a cuenta de las supuestas
inconsistencias de la electrodindmica cléasica también ha
servido para reavivar la vieja controversia sobre la fidelidad
con que nuestras teorias cientificas representan las
propiedades y evolucion del mundo natural. El significado de
una teoria, las hipdtesis semanticas que permiten interpretar
su formalismo, no queda al margen de los debates de la
comunidad profesional involucrada. Otorgar nuestra
confianza a la veracidad, mas o menos aproximada, de unas
determinadas premisas siempre resulta una cuestion de
grado. Y con frecuencia es discutible si una inferencia
merece la misma confianza —siempre provisional- que sus
premisas, las cuales, a su vez, pueden presentar un nivel de
confirmacion muy variable y dependiente del momento
historico.

De ahi que una imagen estrictamente lakatosiana de las
teorias cientificas, con un ndcleo duro y un cinturén protector
de hipotesis auxiliares, no parezca muy representativa de las
investigaciones reales. Precisamente a través de esas fisuras
entre las suposiciones fundamentales y las accesorias
penetran equivocos como el de Frisch. Es en esas fronteras
borrosas donde pueden anidar los postulados implicitos que
tacitamente se aceptan (como Finx = 0, la condicion de
frontera de Sommerfeld para la radiacién o la variacién lenta
de los campos en el llamado limite adiabético) dando por
descontada su validez o aplicandolos en un rango de
fenémenos al que no corresponden.

Actualmente sabemos que la electrodinamica clasica ha
de ser sustituida en ciertos &mbitos por su version cuantica,
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de la cual la teoria clésica se comporta, en cierto modo, como
una aproximacion excelente. Cierto es que diferentes
aproximaciones a una misma teoria subyacente pueden
resultar mutuamente incompatibles dependiendo de las
suposiciones adoptadas en la simplificacion. Pero mas alla de
la inconsistencia mutua entre aproximaciones parciales, 1o
que nunca puede darse es la aparicion de contradicciones
flagrantes dentro de un mismo armazadn tedrico, como Frisch
pretendi6 haber establecido en el marco de la
electrodinamica clasica.

En definitiva, la descalificacién radical que Frisch lanz6
contra la electrodinamica clasica no se puede sostener como
una objecion insalvable contra cualquier forma de teoria
electromagnetica. Tiene mérito como recordatorio de los
problemas formales que aln encierran construcciones
tedricas generalmente consideradas libres de dificultades,
pero no constituye una prueba irrefutable de la inconsistencia
de uno de los legados mas importantes de la fisica del siglo
XIX cuyos beneficios aun hoy disfrutamos.
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Abstract

This paper proposes an alternative theoretical approach to analyzing oscillatory systems in situations involving
translation or rotation, emphasizing energy as a methodological tool. Traditionally, the analysis of these systems is
performed through the direct application of Newton's second law, which can pose conceptual challenges for high school
students involving vector addition and decomposition. In this study, we discuss how elastic constants—the restoring
characteristic—as well as the moment of inertia—the inertial characteristic—and, consequently, the period and
frequency of oscillation, emerge naturally from the analysis of the system's mechanical energy, without using any
approach explicitly involving rotational dynamics. The methodology presented aims to foster the development of critical
thinking, as well as skills and strategies associated with solving complex problems, offering an effective alternative to
traditional approaches, in a sort of introductory essay on analytical mechanics. We also present a proposal for a
conceptual discussion associated with an experimental activity; the latter can be used by the teacher to spark students'
curiosity and spark discussion on the topic in the classroom.

Keywords: Rotational dynamics, Oscillatory motion, period, frequency, Physics teaching.

Resumen

Este articulo propone un enfoque tedrico alternativo para el analisis de sistemas oscilatorios en situaciones de traslacion
0 rotacion, haciendo hincapié en la energia como herramienta metodoldgica. Tradicionalmente, el andlisis de estos
sistemas se realiza mediante la aplicacion directa de la segunda ley de Newton, lo que puede plantear desafios
conceptuales para estudiantes de secundaria que involucran la adicion y descomposicidn de vectores. En este estudio,
analizamos cémo las constantes elasticas (la caracteristica restauradora), asi como el momento de inercia (la
caracteristica inercial) y, en consecuencia, el periodo y la frecuencia de oscilacion, surgen naturalmente del analisis de
la energia mecanica del sistema, sin utilizar ningin enfoque que involucre explicitamente la dindmica rotacional. La
metodologia presentada busca fomentar el desarrollo del pensamiento critico, asi como las habilidades y estrategias
asociadas con la resolucién de problemas complejos, ofreciendo una alternativa efectiva a los enfoques tradicionales,
en una especie de ensayo introductorio a la mecanica analitica. También presentamos una propuesta para una discusion
conceptual asociada a una actividad experimental; esta Ultima puede ser utilizada por el profesor para despertar la
curiosidad de los estudiantes y generar debate sobre el tema en el aula.

Palabras clave: Dinamica rotacional, Movimiento oscilatorio, periodo, frecuencia, Ensefianza de la Fisica.

I. INTRODUCTION

In textbooks typically used in regular high school, it is stated,
without formal proof, that a particle oscillating slightly
around a stable equilibrium position (potential well) under
the action of conservative forces performs a harmonic
movement (HM). The usual practice is to seek examples
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(illustrations) that corroborate this assertion, showing that the
resulting force on the particle in these cases is of the algebraic
form FR = -kx (x = algebraic displacement from the
equilibrium position), the well-known Hooke's Law. Then,
by comparison with the mass-spring system, we obtain what
would become the "effective force constant” (ker) for a given
physical situation. If m is the mass of the oscillating body, we
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obtain the angular frequency w = /% and the period T =

27 /% Examples commonly involve applications of SHM

in various fields of physics, such as hydrostatics, gravitation
and electrostatics [1, 2, 3] and [4].

When we have a system of discrete particles or even a
rigid body, the associated difficulties become even greater.
For these cases, we propose in this article a theoretical
approach in which we choose to develop the theory through
energy—along with the comparison (analogy) with the mass-
spring system—uwith one of the main objectives being to
obtain and discuss, both qualitatively and quantitatively, the
following quantities: the "effective force constant" (Kef)—
which, in oscillatory movements, relates to the restoring
forces and torques—and also the system's "coefficient of
inertia,” which, in rotational movements around an axis,
corresponds to the moment of inertia. These quantities
determine the period and frequency of such movements.

We will discuss these concepts through a case study,
analyzing a physical asymmetric pendulum without directly
using the equations of rotational dynamics, as is done in
higher education (e.g., Newton's Second Law in angular
form, torque = moment of inertia x angular acceleration).
Thus, one of the article's objectives is to arrive at the concept
of moment of inertia in a different way from that traditionally
used. Generally, the moment of inertia is quantitatively
introduced when analyzing the kinetic energy of a system of
solid particles (or rigid body) rotating around an axis [1]. If
such an expression involves the inertial masses of the
particles, in the authors' view, the moment of inertia as a
physical—in fact, a coefficient of rotational inertia—is
merely suggested; clarification would come through
Newton's Second Law in angular form.

We understand that the methodological-didactic approach
to theoretical development using energy broadens the range
of situations that can be analyzed in a high school context.
We can say that, theoretically, this article addresses problems
involving oscillatory systems by subtly and fundamentally
introducing some concepts of analytical mechanics, such as
generalized coordinates and the elimination of binding
forces. After all, as we know from mechanics, approaching
some problems using the linear force-momentum approach
can be quite laborious, even making it virtually impossible to
solve certain problematic situations in some cases. In such
cases, analytical methods involving energy can prove to be a
fruitful option.

After the theoretical development of the physical
pendulum, a didactic activity of discussion of concepts is
proposed, involving some points that we consider important
and interesting, with experimental results as auxiliary
elements.

Il. LITERATURE REVIEW

Regarding the theoretical development of HM via energy to
determine the period and frequency of small oscillations,
when researching some textbooks most commonly used in
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the basic cycle of undergraduate studies [1, 2, 3], and [4], we
noticed that this method was addressed in only two solved
exercises in reference [4]: one concerning the oscillation of a
U-shaped liquid column and the other concerning the
oscillation of a diatomic molecule. In turn, reference [1]
follows the line used by us in this article, as its development
falls within the scope of physics and mathematics commonly
seen in high school. It is worth noting that in the oscillation
of a liquid column, there is the particularity, for an
incompressible fluid, that all the particles that make up the
system have the same magnitude of velocity. In this article,
we explore slightly more general situations in which the
different parts of the system have their velocities related
through the bonds respected by the system.

The other topic covered in this article, rotational
dynamics, requires students to hone their critical thinking
skills to understand abstract concepts such as moments of

inertia, equilibrium, and torque. However, there are
significant obstacles and difficulties in approaching this
topic.

A study involving 70 11-grade high school students
from the SMA (Brazilian State School of Social Sciences)
employed a descriptive quantitative methodology to
investigate the topic [5]. Data was collected through a
multiple-choice test based on five indicators of critical
thinking: elementary clarification, basis for decision-making,
inference, advanced clarification, and strategies and tactics.
The results revealed that 51.4% of the students had low
critical thinking skills, 34.3% moderate, and only 14.3%
high. Performance varied across the indicators, with the best
results in elementary clarification (61%) and the worst in
advanced clarification (21.4%) and strategies and tactics
(25.2%). This indicates that students have greater ease with
basic understanding and recognition of fundamental concepts
of rotational dynamics, but encounter difficulties in
formulating inferences, making evidence-based decisions,
and developing strategies to solve more complex problems.

These difficulties may be associated with traditional
teaching approaches, which prioritize the memorization of
concepts and formulas over the active exploration of physical
principles and investigative problem-solving [5]. In this
sense, a teaching model based on a problem-solving
laboratory (PSL), as proposed by [6], highlights the
importance of active and experimental learning. This model
allows students to participate in the learning process through
experiments, data analysis, and discussion of results, and has
been shown to improve conceptual understanding and the
development of scientific skills, such as hypothesis
formulation and analysis of experimental errors.

The difficulties faced by students in physics can have
several causes. The studies developed in [7] highlight the lack
of connection between theory and practice, the difficulty in
manipulating mathematical equations (especially formulas
for moment of inertia and torque), the fragmented
understanding of concepts, and the absence of structured
problem-solving strategies. [8] add that most students have
low skills in areas such as basic clarification, basic support,
and advanced clarification, essential for analyzing problems,
presenting evidence-based facts, and evaluating issues
logically.
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Conventional teaching methods, such as exclusively
expository classes and traditional teaching materials, make it
difficult to visualize and understand the concepts of rotational
dynamics. The content is particularly challenging due to the
need to visualize rotational motion, calculate the moment of
inertia, and understand the relationships between complex
physical quantities, which directly impacts students' ability to
provide clear explanations or solve problems logically and
systematically.

The work of [9] presents a systematic review on the
teaching of oscillations, which offers a solid basis for
developing teaching materials, technology-based
instructional media and educational instruments related to
oscillations, emphasizing the need to expand research on
effective teaching methods on this topic, offering practical
insights for educators and researchers.

Finally, the study by [10] shows that a significant portion
of future science teachers have important conceptual
difficulties on the topic of vibration and in this work, we seek
to strengthen the fundamental concepts of basic physics that
are essential for physics teachers.

I11. METHODOLOGY AND RESULTS

We will analyze an asymmetrical physical pendulum that can
rotate frictionlessly around a horizontal axis, where we will
develop the concept through conservation of mechanical
energy. In the authors' view, the analysis of such exercises
not only provides examples of the fundamental points of the
theoretical development we intend to present but also allows
for a qualitative and quantitative discussion of important
concepts involving physical pendulums, a discussion covered
in the didactic proposal presented below.

A. Theoretical Development of the Case Study

Let the system consist of two point masses, m and M (m < M),
rigidly connected by two rods of negligible mass of lengths {
and L (€ < L), which form an angle p between them, this
system capable of rotating with negligible friction around a
horizontal axis, as shown in Figure 1.

M

FIGURE 1. Asymmetrical physical pendulum that oscillates in a
vertical plane.

Neglecting any friction or buoyancy forces, the two-mass
system is acted upon by the connecting forces exerted by the
rods and the weight forces. In this case, the system is
conservative.
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It is known from the study of statics that a system has two
equilibrium points: the first, unstable, with the system's
center of mass vertically above the suspension point, and the
second, stable, with the system's center of mass vertically
below the suspension point. We will analyze small
oscillations of the system around the stable equilibrium
position.

Equalizing the the intensities of the torques of the
weights, to calculate the equilibrium positions:

mg.f{sen(Bp—a)= Mg.Lsena Q)

a =arctg[mesenf/(MmeLcospf+ML)(2)

Considering the horizontal plane that passes through the axis
as the reference level for the gravitational potential energy
(height; z = 0), when the rod forms, at an instant t, an angle 6
with the vertical direction, as shown in figure 1, we have the
following expressions for the kinetic (EK) and potential (Ey)
energies of the system:

Equilibrium position a
Epp=-mgLcos(f-a)—MgLcosa, ?3)

mu?  MU?
2 2

Ey, = 4
Since both masses have the same angular velocity (w) due to
the bond, the relationship between the linear velocities is (u /
0) =(U/L) = w. Then putting the kinetic energy of the system
in terms of the velocity U of the larger mass M:

_ (mi2+m12)v?

Ekl - 212 (5)
Generic position @
Epp=-mgLcos(f-60)—MgL cos 0. (6)
Similarly, with V being the velocity of the larger mass:
Epp = (mi2+M1?)v? )

212

Expressing the generic angular coordinate () in terms of the
angular coordinate at equilibrium () and the angular
displacement from the equilibrium position (Ad), we have:

O=a+A6 (8)
From the conservation of mechanical energy:
Emi=Em2 — Ep1+Eci=Ep2+Ec 9).

From the previous equations:

(m 12+ M 1%) u?
212

= (1-cosA9)[mglcos(f-a)+M
gLcosa] +
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(senAf)[-mglsen(f—a)+MgLsena] +
2 2 2
(m1 +21L\42L v (10)

Since the equilibrium equation (eq. 1a) is precisely mg ¢
sen (f—a) = M gLseng; it follows that

(mi2+ M L%) U2

= (1-cos AQ) [mgtcos (B-a)+ M

2L2 2 2 2
l“+ ML°)V
gLcosa] + % (11)
Since these are small oscillations, we will consider

approximations referring to small angles and binomial
expansions.

A6 = sen A6, (12)

and (1- cos AG) = (AB)?] 2. (13)
Geometrically, the linear displacement of the larger mass M
along the arc of the circle can be approximated by a
straightline segment of length X (approximation already
known from the simple pendulum),

AG= (X /L) (14)
From equations 11 to 14, in equation 10, we have:
(m12+mL2) U2 g[mlcos(B-a) + ML cos a] X?
? + (m 122+ML2)V2 . (15)

2

The first term is the maximum Kinetic energy of the system,
which is reached at the stable equilibrium position. The
equation corresponding to (15), in a mass-spring system of
mass m” (inertial characteristic) and elastic force constant k
(restoring characteristic), taking the mechanical energy at the
points of generic abscissa x and equilibrium (x = 0) is:

(16)

Note that in the physical pendulum analyzed here, the
movement of any of the masses depends, due to the geometric
constraint, on the following characteristics of the system as a
whole: i) the inertia associated with the rotation around the
axis; ii) restoring characteristic.
It is concluded, then, comparing equations (15) and (16),
that
m £2 + M L2 = moment of inertia of the system, (%))
g [m € cos (B-a)+ ML cos a] = “effective force constant”
of the system. (18)

The moment of inertia (I) and the "effective force

constant"(ker) emerge, both qualitatively and quantitatively.
The oscillation period is
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m 12+ M L?
r= 27T\/g[mlcos(ﬁ—oz)+MLcosoz]'

(19)

Specific cases: i) = 0° (which implies a = 0°, stable; or o =
w, unstable); masses "on the same side" (see Fig. 2), in that

case:
, 124+ M L2
gML+ml)

ii) p = 180° (which implies o = 0°, stable; or « = 180°,
unstable); diametrically opposite masses (see Fig. 3). In that

case:
mliZ2+ M L2
T, =2m /79(1“_"”).

axis

(20)

(21)

ZLL

m

L-{

M

FIGURE 2. Asymmetrical physical pendulum that oscillates in a
vertical plane for g =0°.

For g = 180°, the torques due to gravitational forces have
opposite directions (causing rotational effects in opposite
directions); or, in terms of potential energy, while one mass
rises, the other descends, reducing the effects of potential
energy variation and, consequently, the gain of Kinetic energy
(and speeds).

In the case S = 0°, the torques due to gravitational forces
have the same direction, causing overlapping rotational
effects; or, in terms of potential energy, the two masses rise
and fall together, accentuating the effects of potential energy
variation and, consequently, the gain of kinetic energy (and
speeds), resulting in a shorter period compared to the
previously mentioned case.

B. Teaching Proposal

The authors understand the multiplicity of possibilities and
objectives involved in each activity, whether theoretical or
experimental. Here are just a few comments and suggestions
regarding points to be discussed with the students: 1)
Highlight that the moment of inertia mathematically depends
on the sum of products, where each term is directly
proportional to the mass and the square of the distance of the
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terms to the axis of rotation; ii) Possibility of introducing the
generalized expression for the moment of inertia for a system

of n discrete particles | = Y% m;rZ, where the derivation of
2

. . . . Iw
the expression for rotational kinetic energy Ex = occurs

naturally from equations (5) and (7), and definition (17); iii)
Discuss the dimensionality aspect of the formulas obtained,;
iv) Develop the scheme referring to = 180° and ask students
to investigate the changes that theoretically exist for the case
of f = 0° regarding torques, energy variations, and their
implications; v) As is known from the dynamics of rotation,
when analyzing physical pendulums, it cannot be considered
that all the mass of the physical pendulum is concentrated in
the center of mass and treat it as simple pendulums, where
the length of the “equivalent simple pendulum” is the
distance between the center of mass (CM) and the axis of
rotation [1, 2, 3] and [4].

m

axis

M

FIGURE 3. Asymmetrical physical pendulum that oscillates in a
vertical plane for = 180°.

The following questions could be posed to students: could we
replace the masses with a single mass located at the center of
mass and think of the period of the physical pendulum in
terms of an equivalent simple pendulum? In this case, it is
possible to introduce the concept of radius of gyration.

Taking the axis of rotation as a reference point (origin),
the centers of mass (CM) of the systems constituted by the
two masses are at distances from the axis of rotation, for the
cases f = 0° and § = 180° respectively:

ds=(ML+me)/(Mm+M) e ds=(ML-mC)/(m+M),

_ ML+ml)
T; =2m f—g rm) (22)
and
_ ML-ml)
T, =2m /—g Trmy (23)

In such predictions, Tz and T4, which are in themselves
already wrong, lead us to T > T4, which is at odds with what
is expected qualitatively, according to the previous
conceptual argument (i and ii).
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When considering masses and lengths with very close
valuesy=(M/m)=1;0=(L/¢)= 1, the period T4 (23) would
approach zero and not “infinity”, which shows a great
mistake in the reasoning used to obtain such an expression.

Comparing the expressions for the periods of the physical
pendulums (20) and (21) with the expression for the period
of the simple pendulum, the true associated radii of gyration
(v) would be:

l
=" L++Mle (for = 0°). (24)
mi24+ M L2
d, = T (for = 180°). (25)

For the case f# = 0°, it is possible to demonstrate that the
period of the physical pendulum Ty (20) is greater than that
of a physical pendulum of length | and less than that of a
simple pendulum of length L; or, in other words, that the
distance d1 obtained previously is greater than | and less than
L. Demonstrating:

mi2+ ML ml2+ML2
21 < 2m
g(ML+ml) (ML+ml)

The previous equation is true for any values of € and L, with
£ < L. vi) Compare the theoretical predictions for the periods
T1 (20), T2 (21), Tz (22), and T4 (23), and also for the
associated radii of gyration d;, dz, ds, and dg, respectively,
with the experimental results; vii) Include the influence of the
rods, asking students to discuss how the expressions for the
periods (and radii of gyration) would be altered.

Note that: representing M' and m' as the masses of the rods
of greater and lesser lengths, respectively, and knowing that
loars = 1/12(M'L2 + m'I?), the general expression for the period
T (19) takes the following form

ml? + L2+Ibars

T =2 - - .
n\/g [(m+m7)lcos (B—a)+(M+M7)L cos a)

(26)

C. Apparatus and Experimental Results

The experiment was conducted with metal bars, cylinders,
and fasteners, whose masses and characteristic dimensions
were determined with appropriate measuring instruments,
including their respective uncertainties. These procedures
ensured the reliability of the data obtained and allowed
comparison with the adopted theoretical model. Figures 3 and
4 illustrate the experimental setup and the main aspects
observed. The set up specifications are:

Muinorbar = (31,23 ¥ 0,05) g ;
Mbigger bar = (91,20 F 0,05) g ;
Metixing screw = (6,08 + 0,05) g ;
Meylinders = Meylingers = (400,42 F 0,05) g;

L=(@0+1)cm; I=(30+1)cm.
http://www.lajpe.org
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FIGURE 4. Set of materials used in the experiment: cylinders,
metal bar and fixing elements. Regarding the measurement of
periods, the sensor indicated the time interval of each oscillation.

FIGURE 5. Experimental apparatus.

In equations (20) to (25), the values of M and m used will be
the masses of the cylinders fixed to the bars added to the
masses of the fixing screws; that is, M = m = (406.5 + 0.1)
g. Tables | and Il present comparisons between experimental
and theoretical values for the oscillation periods.

TABLE 1. Comparison between the theoretical and experimental
values for the oscilation periods for g = 0°.

di(cm) T1(S) ds (cm) T3 (S) Texperiment (S)*
(theory)
57.5 1.74 46 1.36 (1.73F 0.01)
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TABLE I1. Comparison between the theoretical and experimental
values for the oscilation periods for g = 180°.

d2 (cm) T1(S) ds (cm) T4 (S) Texperiment(S)
(theory)
115 2.46 23 0,96 (2.39F 001)
For p=5°

0a=162°;, T=T;

The two previous tables indicating a discrepancy between
predictions based on a mistaken line of reasoning involving
radii of gyration (ds,Ts) and (ds,T4) and the experimental
result, may constitute a trigger for a conceptual change.

IV. CONCLUSIONS

In this paper, we present an alternative approach to HM,
regarding the quantities period and frequency, accessible
physically and mathematically within the typical high school
curriculum. While this approach is not necessarily the
simplest (at least from an algebraic standpoint), when
compared to the typical solution in the basic undergraduate
cycle using Newton's Second Law in angular form (1R = la),
it does provide high school students with a better
understanding of the "power" of analytical methods. Equally
important is addressing the concept of moment of inertia not
only qualitatively, as is routinely done (both theoretically and
experimentally), but also quantitatively; we hope, in this way,
to contribute in some way to bridging the gaps identified.

In the authors' view, the transition from the discrete
situation | = Y7 m;r£to the continuous one [ r2dm becomes
purely mathematical, and no longer physical (In this case, the
results of the calculation could be presented to high school
students, which would greatly expand the range of possible
situations to be addressed.

The condition for approaching the problems along the
path we followed, in the previous case study and also in
general, is that the system of particles is subject to constraints
such that it is possible to express both the total kinetic energy
of the system and the total potential energy, as a function of
the linear velocity and the linear displacement from the
equilibrium position of a given (chosen) particle of the
system.

Regarding the teaching activity, numerous topics can be
discussed involving the proposed problem: extended-body
equilibrium—along with stability and instability analysis—
torque and moment of inertia, mechanical energy (potential
and kinetic), center of mass, and radius of gyration. It is up to
the teacher, depending on factors such as time and objectives,
to decide which topics to cover and to what degree, as well
as, of course, the methodology to be used.
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Abstract
The range of a projectile without air resistance depends on the launch angle, the initial speed, and the launch height. If
the speed of a free fall at a certain height directly reflects the initial speed of a projectile thrown from that height, the
launch height is a key factor because a larger initial speed requires a lower launch height. In this article, we discuss the
maximum range of a projectile launched with an initial speed caused by free fall. This problem is suitable for
undergraduate students in calculus-based physics courses.

Keywords: Classical Mechanics, Projectile Motion, Optimization, Physics Education.

Resumen
El alcance de un proyectil sin resistencia del aire depende del angulo de lanzamiento, la velocidad inicial y la altura de
lanzamiento. Si la velocidad de caida libre a cierta altura refleja directamente la velocidad inicial de un proyectil
lanzado desde esa altura, la altura de lanzamiento es un factor clave, ya que una mayor velocidad inicial requiere una
menor altura de lanzamiento. En este articulo, analizamos el alcance maximo de un proyectil lanzado con una velocidad

inicial causada por la caida libre. Este problema es adecuado para estudiantes de grado en fisica con base en célculo.

Palabras clave: Mecénica clasica, Movimiento de proyectiles, Optimizacién, Educacion en Fisica.

I. INTRODUCTION

The projectile motion on the ground is a topic that students
are sure to study in introductory physics courses. When a
projectile is launched from and lands on the ground, the
horizontal range of the projectile is maximized at a 45°
angle to the horizontal. However, if the projectile is
launched, with the same initial speed, at a certain height
above the ground, then the optimal angle is less than 45°.
This results in an increased maximum range because of the
initial height [1, 2, 3, 4, 5].

What happens if the initial speed depends on the initial
height? If the speed of free fall at a height h directly reflects
the initial speed of the projectile thrown from that height h,
the larger the initial speed, the lower the initial position of
the projectile. In that case, what condition would result in
the maximum range? In this short article, we discuss the
maximum range problem in the following two cases: (i) to
find the optimal angle when the launch height h is given, (ii)
to find the optimal height when the initial launch angle 6 is
given. The case (i) can be done without calculus, while the
case (ii) requires solving an extremum problem with
differentiation, finding that the behavior changes completely
at an angle of 30°. This optimization problem is suitable for
undergraduate students in calculus-based physics courses.
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Il. PROJECTILE MOTION

Consider an object falling freely from a starting point at a
height H. It then bounds off a board placed at a height h,
changing its direction at an angle 6 to the horizontal as
shown in FIGURE 1. After bounding off the board perfectly
elastically, the object moves as a projectile with the initial
speed

n= (€Y

vy =+/2gH(1 — 1),

where g is the gravitational acceleration.

E;

L
FIGURE 1. Schematic diagram of free fall and its subsequent
projectile motion.

xr
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The object finally lands at the point of the range L. The
problem is to find the condition to maximize the range L for
various situations.

After performing some basic calculations, one finds the
position of the projectile after being launched from the point
(0,h) att =0as

x(t) = vytcosh, 2
1, :
y(t) = —Egt + v,tsinf + h. 3

The object lands at the point (L, 0) at time t,. The condition
y(ty) = 0 gives

vy sin 6

to = 1+2), 4)
9

and thus the range L = x(t,) is

L_v}zlsin29(1+ ) c

where
= e (22 6
Z= sin2 0\ v?2 ' ©

Since 0 < v? < 2gH from Eq. (1), z is real and positive
definite.

We will discuss the maximum value of L in the
following two cases: (i) to find the optimal angle 6,,., when
h is given, and (ii) to find the optimal height h,,, when @ is
given.

(i) Omax for a given h

Suppose that the board is placed at a point of height h, and
its angle can be changed freely. The problem is to find the
optimal angle 6,,,, to maximize the range L as a function of
h.

Following Ref. [3], L? = x(t,)? can be written as

L? = v}t cos? 6,
1 2
= vit - (96— 1),
lgz [tz _ ZH(2 - 77)]2
4 0 g

+4H2(1—1).  (7)

The maximum range L., requires the landing time typmax =

J2H(2 —n)/g , and thus we obtain L., and its

corresponding launch angle 6,,,,, as a function of n, as

- L
Lmax = Zax = 2\/ 1- n, (8)

and
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1
jgtgmax —h
tan Oy = ————

=,/1—-n. 9

Therefore, when the board is placed at a height i, the
maximum range is given by Eq. (8), provided that the
launch angle is given by Eq. (9).

Lmax

- Lmax

g 15 >~ tan fmax
)

8

= 10---__

%

£ 05
]

0.0
0.0 0.2 0.4 06 0.8 1.0

n
FIGURE 2. The n = h/H dependence of L., = Ln./H (black)
and tan 6,,,, (red dashed).

Fig. 2 shows the n dependence of L. (black) and
tanf,,, (red dashed) drawn from Egs. (8) and (9),
respectively. As seen from the figure, as n increases,
L. decreases. When n =0, tanf,,, =1 and L., =2
corresponding to the projectile motion from the ground with

the initial speed of ,/2gH and the angle of 45°.
(ii) hgq, for a given 6

Next, suppose that the angle of the board is fixed, and that
the launch angle is 8. What is the optimal height of the
board h,,,, that maximizes the range L ?

We first examine the v,-dependence of L of Eq. (5). The
first derivative of L with respect to v is

dL _sinZH( 14 1)( 1 1) 10
d(wp)  4gz z sing/\” sinf/’ (10)

Since z > 0 and sin 260 > 0 for 0 < 6 < 90°, the sign of Eq.
(10) depends on that of f(v,) =z+1—1/sin6. The
values of f(v,,) for the lower and upper limits of v,

f(vp) » o

1
f(vh)_)Z__sinG as vy - /2gH.

as v, -0,

Therefore, if sinf <1/2 (6 <30°) , the sign of
f(vy,) changes at a certain value of v,. This indicates that
for 6 < 30°, the range L has a maximum at a certain value
of v, . Conversely, for 8 = 30°, L is a monotonically
increasing function of v, , that is, a monotonically
decreasing function of h.

http://www.lajpe.org
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FIGURE 3. The n dependence of L = L/H from Egs. (5), (6), and
(1) for various values of 8. The black solid curve for 8 = 20° has a
maximum.

0.6 0.8 1.0

Fig. 3 shows the n dependence of L = L/H drawn from Egs.

(5), (6), and (1) for various values of 6. As one can see that
L is monotonically decreasing function of n except for 6 =
20° (black solid curve). The maximum of the function for
6 = 20°is at about n = 0.3, while the red solid curve for
6 = 30° has the maximum at n = 0. Therefore, for 6 = 30°,
the maximum range L, is given by Eq. (5) when v, =

J2gH (n =0) as
0 =30°: L. =2sin26. (11

Then, what is the condition of the maximum of L for 8 <
30°? The extremum condition from Eq. (10) is

1- = 12
z+ sin @ 0, (12)
that gives
_ gH
Vhmax = 1—sinf ) (13)
or
_ 1—2siné 14
Mmax = 2(1 — sin 9) ( )
Therefore, the maximum range for 8 < 30° is given by
6 <300 I, =—230 15
CUmaX T ] —sinf’ (15)

Fig. 4 shows the 6 dependence of 7., (red dashed) and
L. (black solid). For 8 < 30°, these are drawn from Egs.
(14) and (15), and for 6 = 30° from Eq. (11) and 1, = 0.
When the launch angle 8 is fixed in the region of 0 < 6 <
30°, one must place the board at a certain height given in
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Maximizing the range of a projectile from takeoff ramp
Eq. (14) to maximize the range L. When the launch angle is
6 = 30°, the board should be placed on the ground.

0 20

0 [deg.]
FIGURE 4. The 6 dependence of 1,,,,, and L.

I11. CONCLUSIONS

When an object is dropped freely from a height H and then
bounds at an angle off a board at a height k, it performs a
projectile motion. The initial speed depends on the height of
the board h. In such a case, it is not obvious where to place
the board and at what launch angle to maximize the range.
In this paper, we determined the conditions for the
maximum range, where the launch angle is fixed, and where
the board height is fixed. In the former case, the solution can
be obtained without differentiation. We found that the
maximum range and the tangent of the corresponding angle
are proportional to /1 — h/H. In the latter case, by solving
the extremum problem with differentiation, we found that
the behavior changes completely at an angle of 30°. When
the launch angle is smaller than 30°, there exists the optimal
height depending on the angle, while the launch angle is
larger than 30°, the board should be placed on the ground.
This optimization problem will be a good exercise for
undergraduate students in calculus-based physics courses.
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Abstract
Among the significant potential that showed its great importance in the literature is what is known as the Manning-Rosen
potential with a Yukawa tensor coupling because it has wide applications to a wide variety of physical systems. In this
work, new Bound-state solutions of the deformed Dirac equation with improved spin and pseudo-spin symmetries are
investigated for the new combined Manning--Rosen and Yukawa tensor potentials (NCMRYPs) in the context of three-
dimensional relativistic noncommutative quantum space (3D-RNCQS) symmetries. The new energy eigenvalues a are
obtained using the parametric Bopp's shift method and the like Greene-Aldrich approximation for the centrifugal terms

ZZ ZS/Z Z3/2 ZS/Z Z3 Z7/2 ZZ . h ff . . I f h I
0" oD U 2 ) (2 and -—; to obtain the effective potentials of the NCMRYPs model in 3D-RNCQS

symmetries. The new energy levels are sensitive depending on noncommutativity parameters (1, 1,y), the potential depths
(B, A, Vp) of the NCMRYPs model, the quantum numbers (j, I/1,, s/s,, m/m,) in addition to arbitrary spin-orbit coupling
quantum number k, radial quantum numbers n, and screening parameter § which are known in the literature. The non-
relativistic limit is obtained and the composite systems such as molecules made of N = 2particles of masses m,,(n = 1,2)
in the frame of three-dimensional nonrelativistic noncommutative quantum space (3D-NRNCQS) symmetries are
considered. After studying the relativistic and nonrelativistic solutions of the NCMRYPs model in 3D-RNCQS and 3D-
NRNCQS symmetries, we examine some important cases that we see as useful to the reader and the researcher.

Keywords: Dirac equation; Schrédinger equation; Manning-Rosen potential; Pseudospin and spin symmetry; Yukawa
tensor interaction; Noncommutative space; Bopp's shift method.

Resumen

Entre los potenciales significativos que han demostrado su gran importancia en la literatura se encuentra el denominado
potencial de Manning-Rosen con acoplamiento tensorial de Yukawa, debido a sus amplias aplicaciones en una amplia
variedad de sistemas fisicos. En este trabajo, se investigan nuevas soluciones de estado ligado de la ecuacion de Dirac
deformada con simetrias de espin y pseudoespin mejoradas para los nuevos potenciales tensoriales combinados de
Manning-Rosen y Yukawa (NCMRYPs) en el contexto de simetrias tridimensionales relativistas no conmutativas del
espacio cuantico (3D-RNCQS). Los nuevos valores propios de energia a se obtienen utilizando el método paramétrico de
72 25/2 23/2

(1-2)3" (1-2)*" (1-2)?'

desplazamiento de Bopp y la aproximacion de Greene-Aldrich similar para los términos centrifugos

ZS/Z Z3 Z7/Z

2% G-2* a2¢ )
nuevos niveles de energia son sensibles a los parametros de no conmutatividad (7, 4, y), las profundidades potenciales (5,
A, Vo) del modelo NCMRYPs, los nimeros cuanticos (j, I/lp, s/sp, m/mp), ademas del nimero cuantico de acoplamiento
espin-orbita arbitrario k, los nimeros cuanticos radiales n y el parametro de cribado 8, conocidos en la literatura. Se obtiene
el limite no relativista y se consideran los sistemas compuestos, como moléculas formadas por N = 2 particulas de masas
mn (n =1, 2), en el marco de simetrias tridimensionales del espacio cuantico no relativista no conmutativo (3D-NRNCQS).
Tras estudiar las soluciones relativistas y no relativistas del modelo NCMRYPs en las simetrias 3D-RNCQS y 3D-

NRNCQS, examinamos algunos casos importantes que consideramos Utiles para el lector y el investigador.

V4

22)4 para obtener los potenciales efectivos del modelo NCMRYPs en simetrias 3D-RNCQS. Los

Palabras clave: Ecuacion de Dirac; Ecuacion de Schrddinger; Potencial de Manning-Rosen; Pseudoespin y simetria de
espin; Interaccion del tensor de Yukawa; Espacio no conmutativo; Método de desplazamiento de Bopp.
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I. INTRODUCTION

In 1933, Manning and Rosen (see Eg. (3.1)) proposed a
potential function for diatomic molecules known as the
Manning-Rosen (MR) potential model [1] which is used in
different fields such as atomic, condensed matter, particle, and
nuclear physics. In addition, this potential is used to describe
the vibrations of diatomic molecules HCI, CH, LiH, CO, NO,
Oy, 12, Na, Hy, and Ar, [2]. Wang et al. (2012), proposed a
convenient form (see Eq. (3.2)) for the original expression of
the MR potential function [3]. Wei and Dong carried out
approximately analytical bound state solutions of the Dirac
equation (DE) with the MR potential for arbitrary spin-orbit
coupling quantum number k by taking a properly approximate
expansion for the spin-orbit coupling term [4]. Chen et al;
(2009) solved approximately the DE with the MR potential
for the arbitrary spin-orbit quantum number k using the basic
concept of the supersymmetric shape invariance formalism
and the function analysis method [5]. Eshghi and Mehraban
obtained analytically the approximate energy equation and the
corresponding wave functions of the DE for the MR potential
coupled with a Coulomb-like tensor under the condition of the
pseudo-spin symmetry using the parametric generalization of
the Nikiforov-Uvarov (NU) method [6]. Oktay and Sever
obtained an approximate analytical solution of the DE for the
Yukawa potential under the pseudospin symmetry condition
using the asymptotic iteration method [7]. Aguda obtains the
approximate analytical solutions of the DE for an improved
expression of the Rosen-Morse potential energy model,
including the Coulomb-like tensor under the condition of spin
and pseudospin symmetry [8]. Jia et al. explored the
analytical solutions of the DE with the spin symmetry for the
improved MR potential energy model and presented the
bound state energy equation and the corresponding upper and
lower radial wave functions [9]. Yanar and Havare spin and
pseudospin symmetry are obtained by solving the DE with
centrifugal term Dirac spinors and energy relations with
generalized MR potential using the NU method and also the
Pekeris approximation to the centrifugal term [10]. Wei et al.
(2008) studied approximately the bound state solutions of the
Klein-Gordon equation with the MR potential [11]. Taskin
[12] investigated approximately the bound state solutions of
the DE with the MR potential within the framework of the
spin  symmetry and pseudo-spin symmetry concepts.
Recently, Ahmadov et al. (2022) presented the bound state
solutions of the DE with spin and pseudo-spin symmetries for
the combined MR potential with Yukawa-like tensor
interaction in the framework of supersymmetry quantum
mechanics and NU methods [13]. It should be noted that there
are other studies of MR that we mention [14, 15, 16, 17]. The
objective of this work is to calculate the new relativistic and
nonrelativistic energy eigenvalue for the combined MR and
Yukawa tensor potentials using an  unperturbed
hypergeometric function with a centrifugal approximation
factor within the framework of the extended symmetries of
relativistic and non-relativistic quantum mechanics. For this,
we develop a mathematical model using the unperturbed
Dirac spinor to find the new energy eigenvalue. It is important
to refer to previous studies that we have carried out in recent
years related to MR potential, but in another context, we
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mention it. Very recently, we have studied the new
generalized Schibberg and MR potentials within the
generalized tensor interactions in the framework of three-
dimensional extended QM symmetries [18]. In 2021, we
investigated the bound state of deformed KGE and SE under
the modified equal vector and scalar MR and class Yukawa
potential (CYP) in relativistic and nonrelativistic extended
QM symmetries [19]. In the same context deformed (KGE
and SE), we carried out a study on, modified MR [20] and
modified MR plus quadratic Yukawa potential [21] in
addition to the modified MR and Yukawa potential [22].To
the best of my knowledge, no researcher has addressed the
combined MR and Yukawa tensor potentials in the
symmetries of deformed Dirac theory 3D-RNCQS. I hope that
through this study we will discover more investigations at the
sub-atomic scale and achieve more scientific knowledge of
elementary particles in the field of Nanoscales. We aimed to
shed more light on combined MR and Yukawa tensor
potentials within the framework of an extended space that

contains large  symmetries based on the new
postulate [q"?7 ¢$*"V] # 0and[z >V 2™ ] £ 0 in

addition to the generalized postulate [q{™"; 7S] # 0
(see below equations ). The wide interest of researchers in the
field of noncommutativity came as a result of it being a strong
candidate alternative to solve many of the problems that have
emerged strongly such as quantum gravity, string theory, and
the divergence problem of the standard model [22, 23, 24, 25,
26, 27, 28, 29, 30, 31]. NC of space-space and NC of phase-
phase play an important role in changing the physical
properties of a lot of quantum physical systems, and they have
achieved interesting successes in recent years. The NC
properties idea is not new but goes back decades and was
suggested by Snyder [32, 33] in 1947, and its geometric
analysis was introduced by Connes in 1991 and 1994 [34, 35].
Seiberg and Witten, extend earlier ideas about the appearance
of NC geometry in string theory with a nonzero B-field and
obtain a new version of gauge fields in noncommutative
gauge theory [36]. Among the potential goals of NC
deformation of space-space and phase-phase is the emergence
of new quantum fluctuations capable of canceling the
observed unwanted divergences or the infinities that appear to
cause short-range effects in field theories that include
gravitational theory [37]. The research reported in the present
paper was motivated by the fact that the study of the new
combined MR and Yukawa tensor potentials (NCMRYPs) in
the 3D-RNCQS symmetries has not been reported in the
available literature. In this work, the vector and scalar
NCMRYPs model (V,,-(d),S,.-(d)) to be employed is
defined as:

V(1) LO
Vi (d) = Vyy (r) = 225228 4 0(02),
s asmr(r) LO 2 (1)
Sy (@) = Sy (r) = =5 ==+ 0(6%),
and
a mr Lp0
VE(d) = Vyy (r) = 222022 4 0(92), "

8Smr(r) Lp®
SB(d) = Sy (r) = E22B22 1 0(62),
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where (Vi (r), Smy (1)) are the vector and scalar potentials
according to the view of 3D-RQM known in the literature
[13,17]:

_ _h (B(B-Dexp(-48r)  Aexp(-28r)
er(r) ~ 2mb2 ( (1—exp(—267))2 1—exp(—26r)) ’ 3.1
S, (r) = h (ﬁ(ﬁ—l)exp(—46r) _Asexp(—zér)) ( ’ )
mr ') = 2Mb2 \ (1—exp(—2671))2 1—exp(=261)/"’
Or a convenient form for the original expression [2]:
_ _ exp(areg)—1 2
Vir () = D, (1 exp(ar)—l) ’ (3-2)

where § = % is the screening parameter while A/A; and 8

are parameters associated with the height of the potential,
(d and r) are the distance between the two particles in the
deformation of Dirac theory symmetries and QM symmetries,
respectively. The two couplings (L® and L,®) are the scalar
product of the usual components of the angular momentum
operators L(Ly, Ly, L,)/Ly(L3, L, 1%) and the modified
noncommutativity vector @(0,,, 6,3, 6;3)/ which present is
the noncommutativity elements parameter. In the case of the
NC-quantum group, the noncentral generators can be suitably
realized as self-adjoint differential operators ( q(Sh D lshiy
appear in three varieties the first one is the canonical_structure
(CS), the second is Lie structure (LS) and the last corresponds
to the quantum plane (QP) in the representations of
Schrédinger, Heisenberg, and interactions pictures, obeying
the following set of commutation relations (we have used the

natural units h=c=1) (see, e.g.;
[38,39,40,41,42,43,44,45,46,47]):
xlgs,h l)’ 1Eshl) _ lh5 N [q(shL) (shL)] lheff
In QM_sy. In DDT _sy.
(4.1)
and
[ (shl) (shz)] =0> [q(shl)'%(/shz) )
6,y 1 My € IC For CS,
=l ifg$"M  f) €ICForLS,  (4.2)
iC10 g qS"): ¢ € IC For QP.
with q(”“) (g5, 4% q})and T[(Shl) (mg, mh, m)) are the

generalized coordinates and the corresponding generalizing
coordinates in the 3D-RNCQS and 3D-NRNCQS symmetries
while IC denotes the complex number field while x(s’”)
(x5, xt,xt) and p(s’”) = (p5.pl.p.) are corresponding
coordinates in the 3D-RQM and 3D-NRQM symmetries.
Furthermore, the usual uncertainty relation corresponds to the
LHS of Eq. (4.1) will be extended to become two uncertainties
in the following formula in the new form symmetries as
follows:

. . hé
|Ax‘(ls,h,L)Ap1(/S.h,l)| > % =
. A1 hersd
| Aq!(ls,h,t) AT[,ES'h'l)| > @ (5.1)
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and
‘ |6,v|/2 For CS,
|Aq(sh1)Aq1(/5,h'l)| > f#v/Z For LS,
CHV/Z For QP.

(5.2)

» are present the following average values,

Here f,,and C,
n (Shl) d 3 1]5 (s,h,i) _(s,hi) tivel
|Zn 1y | an |Z,,,,g wdy s respectively.

The uncertainty relation in Eq. (5.1) is obtained as a result of
the generalization of LHS Eq. (4.1) to RHS form while the
second uncertainty relation in Eq. (5.2) is the result of the
deformation of space-space that appears from RHS of
Eq.(4.2) that is divided into three varieties. We extended the
modified equal time noncommutative canonical commutation
relations (METNCCCRs) to include the Heisenberg and
interaction pictures in 3D-RNCQS and 3D-NRNCQS
symmetries. Here h,qr = h is the effective Planck constant
Ny = w0 (6 is the non-commutative parameter and ¢, is
just an antisymmetric number ¢, = —¢,, =1 with u#v
and &, = 0) which is an infinitesimal parameter if compared
to the energy values and elements of antisymmetric (3 x 3)
real matrices and &, is the Kronecker symbol. The symbol *
denotes the Weyl-Moyal star product, which is generalized
between two ordinary functions f(x)g(x) to the new
deformed form f(q)g(q) is mapped onto the product of
symbols of operators f(x) * g(x), in the symmetries of
deformation space-space symmetries, called the star-product
determined by (see, e.g.; [48]):

fG)*g(x) =
exp(is“"@@,faj‘) (fg)(x) For CS,

xS0 g, (187, iaaf)) (Fg)(x) For LS,

exp ( (6)

[iq® 22k f (u, v)g (', v")]., . For QP.

With

1
In (k,p) = _kupvflgw + gkupv(pn n)flw m

In the current paper, we apply the MASCCCRs in the 3D-
RNCQS and 3D-NRNCQS symmetries, which allows us to
rewrite to the following simple form at the first order of
noncommutativity parameter ¢#V@ as follows [49, 50, 51, 52,
53, 54, 55, 56, 57, 58]:

(f*g)x) = exp(ie"0050y) (fg)(x) = (fg)(x) —
0 f O gt 0(62) )

The indices u,v = 1,2,3 and 0(62%) stand for the second
and higher-order terms of the NC parameter. Physically, the
second term in Eq. (7.1) presents the effects of space-space
noncommutativity. The main aim of the paper is to investigate
the (k,[)-states solutions of deformed DE and deformed
Schrédinger equation (DSE) with the NCMRYPs model in the
symmetries of 3D-RNCQS and 3D-NRNCQS symmetries,
within the frame of parametric Bopp's shift method. The
present paper is organized as follows. The first section
includes the scope and purpose of our investigation, while the
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remaining parts of the paper are structured as follows. A
review of the DE with the combined Manning-Rosen and
Yukawa tensor potentials is presented in Sect. 2. Sect. 3 is
devoted to studying the DDE by applying the usual well-
known Bopp's shift method and the like Greene-Aldrich
approximation for the centrifugal term to obtain the effective
potentials of the NCMRYPs model in 3D-RNCQS
symmetries. Furthermore, via standard perturbation theory,
we find the expectation values of some radial terms to
calculate the corrected relativistic energy generated by the
effect of the perturbed effective potentials 2.9 (r) and

pert
Aps (1) of the NCMRYPs model, we derive the global

corrected energy with the NCMYPs model. In the next
section, we obtain the nonrelativistic limit and consider the
composite systems such as molecules made of N =2
particles of masses m,(n = 1,2) in the frame of 3D-
NRNCQS symmetries are considered. Sect. 5 is reserved to
study the relativistic and nonrelativistic special cases that can
be generated from the NCMYPs model. Finally, the
conclusion is given in Sec.6

I1. AN OVERVIEW OF DE UNDER COMBINED
MANNING-ROSEN AND YUKAWA TENSOR
POTENTIALS

For a deeper understanding of the relativistic interactions of
fermion particles that interacted with NCMYP's model in
extended Dirac theory, it is useful to recall the eigenvalues
and the corresponding eigenfunctions that influenced this
system within the framework of relativistic quantum
mechanics known in the literature. In this case, the system is
governed by the basic equation:

{HB’"

here HJ'" is the Dirac Hamiltonian operator, M is reduced
rest mass, p = —ikV isthe momentum. The vector potential
Vi () due to the four-vector linear momentum operator A*(
Vi (r), A = 0) and space-time scalar potential S,,,,- () due to
the mass, E,, is the relativistic eigenvalues, (n, k)
representing the principal and spin-orbit coupling terms,
respectively. The tensor interaction U(r) equal to

(—V0 exp(r—&”))l V, denotes the strength of the interaction and

§ is the screening parameter, a = anti_diag(t;,t;), B =
diag(l,x2, —I,x2) and t; are the usual Pauli matrices. Since
the combined Manning-Rosen and Yukawa tensor potentials
have spherical symmetry, the solutions of the known form
Fnk(r)
Wi (r,0,6) U fm(®9)
2 @)= ) '
(DY (0,9)
represent the upper and lower components of the Dirac
spinors W, (7, 6, ¢) while Y, (6, ¢) and lerfl,, (8, ¢) are the

spin and pseudospin spherical harmonics and (m, mp) are
the projections on the z-axis. The upper and lower
components Fg.(r) and G () for spin symmetry and

H{)nr nk (T, 9' ¢) = Enkl‘Unk (T', 9' ¢)

=ap+ ﬁ(M + Smr(r)) —iBdU(r) + Vpp (1), 8)

Fre(r) and  Gp(r)
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pseudospin symmetry satisfy the two uncoupled differential
equations as below:

2

d
(g = kU + Dr 2+ U7 () ~ (M + Eg — 45, (0)

14
LD (L k- vo)

M —Ep + 23 +
(= B e O = 2,6

Y (r) = 0,(9)

and
2

d _
(5 = ke = Dr™2 + U7 () = (M + B}y = 45, (1)

O 0)

- s P —
(M Enk + Zmr(r)) + M+ Enk T ernr(r) )Gnk(r) 0.
(10)
Here
- 2kU(r) — dU(r)
U2 () = 2O 3 LD g2y, (11)
That can be expressed analytically as,
t—s/ _ pFexp(=6r) + exp(—=67) exp(—267)
Ugps P () = B* == F Vo ——— —V§—7—
(12)

with B¥ = (=2k F1)V, while
AP (1) = V. (r) are determined by:

2o () = Vi (r) and

s _ _h (B(B-1)exp(-48r)  Aexp(=28r)
L () = 2Mb2( (1-exp(-261))? 1—exp(—25r))' (13)
p
and 2@ — o = AP = ¢, for spin sy.
and
D ok B(B—-1) exp(—46r) _ Aexp(—26r)
A (1) = 2Mb2( (1-exp(-261))2 1—ex1’(—25r>) (14)

d dz’;‘—:(r) =0 = X5, = Cps for p-spin sy.

We obtain the following second-order Schrddinger-like
equation in 3D-RQM symmetries, respectively:

2 g—
[;— —k(k + Dr2 + UZ55() — A5, (M — E5, +
50 )] i) = 0 (15)
and
[ﬁ — k(= Dr2 + U257 () — (M + ED, -
dr? eff nk

8 () B, | 6B =0 (16)

with k(k —1) and k(k + 1) are equals to lp(lp — 1) and
I(1 + 1), respectively. The authors of refs.[13,17] using both
the  Nikiforov-Uvarov method and Greene-Aldrich
approximation for the centrifugal term to obtain the
expressions for the upper and lower components F3, (r) and

GP ( ; ; (Vak/2501) (4 _
(1) as hypergeometric polynomials P, (1-22)

and Pn(v;’"k/z'z’l’"k)

(1 —2z) in 3D-RQM symmetries as,
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F3(s) = Cosvhi(1 — 2) (162 p@ i) (1 _ 27) (17

and

2vl . 1n
6,(5) = CP, 21 — ) (148b)r2p(nkine)

1-22),
(18)

here z = exp(—267), vir, {iks
by:

1 1 H
Vpnk and e are given

Vi = 55 VM? = Ext — Cgs(M — E3),
(o =1+ 4k(k+ 1) + 45, /52,

{ 1 19
N L R

Conke = \/1 +4k(k — 1)+ 47, /82,
With ASk =M + ES CSE’ Ap =M - Ep - CPS While

Cs, and CP are the normallzatlon constants. For the spin

symmetry and the p-spin symmetry, the equations of energy

are given by [13,17]:
M? — E3;

— Cgs(M — E3y) = 462

2
BB-DAS,

AT 1
oM —k(k+1)-n(n+1) —+k(k+1)+

2M ' 20)
A
2n+1+2m
and
2 p2 o
M? —E + Cps(M + Ep ) = 46
2
n _1aP
Afﬁk_k(k—l)—n(n+1)\/%+k(k_1)+%
(21)
_1aP
l 2n+1+2\/%+k(k—1)+% J

Later, we will need another formula for each of the upper and
lower components F3,(z) and G, (z). We will use the
transform expression of Pn(“"’b")(l — 2z) in the following
form:

(an,bn) _ I'(n+an+1)
B v -22) = n!F(a:+1) 2

1,1+ a,, z).

Fi(-n,n+a, + b, +
(22)

This allows us to reformulate them in terms of the generalized
hypergeometric function ,F;(—n,n+2vk, + {4 + 1,1+
2vi,z) and LF (-nn+ 2V + Cpnie + 11+ 2Vp 0, 2)
as follows:

F3(s) = Cis"ne(1 — 2)(H6nid/2 JFy (—n,n + 2v}, +

e + 1 14 2v},, 2), (23)
and

G2 (s) = C"0z"nk (1 — 2)(1¥nk)/2 JF (=n,m + 20, +
Ok + L1+ 2V, 2), (24)
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s I(nr2vyyr) p I(n+2vpmct1)
nk n‘F(ZV +1) nk n|r(zvpnk+1)
lower component G, (s) of spin symmetry and the upper
component FL (s) of p-spin symmetry are obtained as:

here Cpf = , CF = . The

( (;r+——U(T)>FSk(z)
G?ik(z) - M+ES, —Cs
nk (25)
<£—;—U(r>)c”k(z>
P
Fh(2) =——"——

_gP
M Enk+Cp

I11. THE NEW SOLUTIONS OF DDE UNDER
NCMRYPs IN 3D-RNCQS SYMMETRIES

A. Review of Bopp's shift method

Let us begin in this subsection by finding the DDE in the
symmetries of deformation Dirac theory under the
NCMRYPs. Our objective is achieved by applying the new
principles that we have seen in the introduction (Egs. (4) and
(7)), summarized in the new relationships between
MASCCCRs and the notion of the Weyl-Moyal star product.
Thus, these data allow us to rewrite the usual Dirac equation
in Eq. (8) in the 3D-RNCQS symmetries as follows:

(ap + B(M + Sy (1)) — iadU(r)

~(Enie = Vonr () ) * Wy (,6,¢) = 0.

(26)
In 3D-RNCQS symmetries, the upper and lower components

E3.(r) and G}l’k(r) satisfying the following second-order
differential equations:

- dq2? _2 yt—s
o7 ke + Dr2 + U7 ) ES,(n =0, (27)
—Ay(M — ESy + 25, (1))
and
—k(k— Dr 2+ U7 (r
—=—k( ) err (1) «GP (=0 (28)
- (M +ED, — 40, (1) A

There are two approaches to including non-commutativity in
quantum field theory: The first method is represented by
rewriting the various NC physical fields such as the spinor
W,.;, KG operator &,,;, antisymmetric bosonic tensorF ,zand
tedrad fields e; in terms of their corresponding fields
(Wnt, Py €2, Fap, ... ) in the known quantum space in the
literature, in proportion to the non-commutative parameters
0(6,,,0,3,6:3)/2, which is similar to the Taylor
development [24,59,60,61,62,63,64] while the second method
depends on reformulating the non-commutative operator
(g, ) with its view of the quantum operators (g, ) known in
the literature and the properties of space associated with the
non-commutative parameters 0(6,,,0,3,6,3)/2. Itis normal
for the physical results to be identical when using either of
them. It is known to specialized researchers that Bopp had
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proposed a new quantization rule (x,p) =(q = x — éap, =

(q=
x,q=p+ éax) which is called Bopp's shifts method (BSM)

[64,65,66,67]. This quantization procedure is called Bopp
quantization [68]. The Weyl-Moyal star product f(x,p) *
g(x, p) induces BSM in the respect that it is replaced by

flx—- p,p +- ax) * g(x,p) [69]. This, allows us to obtain

p+ éax) instead of the usual correspondence (x,p) —

[k(k + Dr=2 + U275 ()] * Fie(r) =

[k(k + 1)d=2 + U2F° ()] F5 (),

eff
(M = Exie + Z5r (1) % 3 (1) =

(M = E3jc + 5 () Fe (1),
[k = Dr2 + V2P (]« 6, () =
[k(k — 1)d~2 + U2 P (@)]GE, (),
(M +ED, — 45,1 + 6B, () =

(M + ED, — a0, (@)  GL, ().

The BSM has achieved great success when applied by
specialized researchers to the four basic equations that
correspond to the relativistic Schrodinger equation (see,
e.g.;[70,71,72]) and the other three relativistic equations

represented by the Klein-Gordon equation  (see,
e.9.;[73,74,75,76,77,78,79,80]), Dirac  equation  (see,
e.g.;[81,82,83,84,85,86,87,88,89,90]) and the Duffin-

Kemmer-Petiau equation (see, €.g.;[90,91,92]). In addition to
some recent related research (see, e.g.;[93,94,95, 96, 97,98]).

It is worth motioning that the BSM permutes us to reduce Egs.
(27) and (28) to the simplest form:

—k(k+1)d2+U0°(d)

eff
| _A‘flk(M -

FS =0,
ESy + 25 () | @

(29)

and

— k(k = 1)d™2 + U7 (d)

GP.(r)=0.
- (M + Epy — qur(d)) A

(30)

The modified algebraic structure of noncommutative
covariant canonical commutation relations with the notion of
the Weyl-Moyal star product in Egs. (4) becomes new
METNCCCRs with ordinary known products in literature as
follows (see, e.g.; [64,65,66,67]):

Jh, /R .
g2, 0] = thepr6y
(s,h, L) (s,h,0) ; (31)
[0, @] = ingy.

In the symmetries of 3D-RNCQS, the generalized positions

and momentum coordinates ¢$*? and n(**" are defined
as:
q(shl) (s,h,i)_z3 Muv _(s,h0)
# *u v=1 2 00 (32)
(shi) _ . (shi)
T, =p,
Lat. Am. J. Phys. Educ. Vol. 19, No. 4, Dec., 2025
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This allows us to find the operator d? equal to [81, 82, 83, 84,
85, 86, 87, 88, 89, 90]:

L0 for spin symmetry

d?=r%-
L, 0 for p-spin symmetry

+ 0(6?), (33)

VE.(d), UZEP(a),

eff
the 3D-RNCQS

while the new operators X;.,.(d),
k(k+1)d™? and k(k—1d? in
symmetries, are expressed as:

a)jmr (r) Le

Lo (d) = 25y (r) — - +0(6?),

A, (d) = A5, (r) —
yt—s yt—s
Uepr™ = Uzpp (1) =
eyff”(d) = 3,ffp( r) — +0(@2)
kk+1)d?2=k(k+1r 2+ k(k + 1)r‘4L0 +0(0?),
k(k — 1Dd™% = k(k — Dr=2 + k(k — 1)r~*L,0 + 0(6?).

(’) L o 22+ 0(62),

aU
eff (T) L@ + 0(02)

6Ueff (r) L,0

(34)

Substituting Egs. (34) into Egs. (29) and (30), we find the
following two like Shrodinger equations:

d? _ k(e+1
LMD L U2 = A((M = By + Egr (1) —
ZhT )] Fae@) =0, (35)
and
d? k(k—1
R U0 — (M + B, — 45, () Ay -
a6k =0, (36)
with
avYtsm)
pert _%err 1 k(k+1) 6):mr(r)(r) Ank
2 ( ) - ( or 2r+ r4 or 2r LG
(37)
and
auYiP () _ P
pert _TVeff 1 k(k—-1) _ 045, (1) Ak
A ()_< ar 2r+ r4 ar 2>L@(38)

By comparing (Egs. (9) and (10)) and (Egs. (35) and (36)), we
observe two additive potentials ZP<*(r) and APSC(r).
Moreover, these terms are proportional to the infinitesimal
noncommutativity parameter . From a physical point of
view, this means that these two spontaneously generated
terms 27 (r) and  APSTE(r) as a result, the topological
properties of the deformation space-space can be considered
very small compared to the fundamental terms 25, (r) and

AP (1), respectively. A direct calculation gives % and
quYt=s/v
SWerr @ s tollows:
or
055 () _ 26B(B—1)  exp(=49r)
or Mb?2 (1 — exp(—261))2
4 2B6(B—1)  exp(—66rT)
2Mb%? (1 —exp(—261))3
E_A exp(—26T) 6_A exp(—46T) (39)
Mb2 1—exp(-26r)  Mb? (1—exp(-261))2 "’
and
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<L 5(B+ IV )exp( &1) ZBi expi;&r) T
(—6)5[/0 exp(r o) + 26V02 exp(rzz&r) + 2V02 exp(;zﬁr) ) (40)

Substituting Egs. (39) and (40) into Egs. (37) and (38), we
obtain spontaneously generated terms 257 (r) and APt (r)
as follows:

) = (8B = Vo)
exp( 28r) 5V2 exp( 3261”)
2r
6[3([3‘ DAy exp(=48r)  BS(B-1)A5,
Mb? r(1—exp(—281))? 2Mb?
JAAnk exp(—-281) SAAflk exp(—4687r)
2Mb? r(1—exp(—267)) 2Mb?2 r(l—exp(—er))Z

_exp(—6r)
r4
exp(—28T)
Ve ——
exp(—66T)
r(1—exp(—267))3

k(k+1))L(E) +0(6%),
(41)

exp( 6r)

and

exp(— 6r) . exp(—6r) +

t
A =
+62V,
8B(B-1)AL,

Mb?
_8AAl,  exp(—267)
2Mb? r(1—exp(-2671))

(5(B* + V)< ++B

exp( 28r) 6V2 exp( 26r) VZ exp(— 26r)
2r r4
exp(—487r) SB(ﬁ—l)Ank exp(—68T)
r(1—-exp(—26r))? - 2Mb? r(1—exp(-267))3
84N, exp(-46r) k(k 1)
T 2mb? r(1—exp(—25r))2

(42)
For spin symmetry, we first consider Eq. (35), which contains
the new combined Manning-Rosen and Yukawa tensor
potentials in the deformation of Dirac theory symmetries. It
can be solved exactly only for k =0 and k = —1 in the
absence of tensor interactions V, =0, since the two
centrifugal terms (proportional to k(k + 1)r~2 and k(k +
1)r~*) vanish. In the case of arbitrary k, an appropriate
approximation needs to be employed on the centrifugal terms.
We apply the following new approximation which was
applied by Greene and Aldrich [99]:

1
28e0T 2622
1-e-26T7 T 1-7°

1 48272 48?2z 1

= e -=
r? (1_3—26r)2 (1-2)? r

(43)

For p-spin symmetry, we now consider Eq. (36) and will
follow similar steps with the spin symmetry case in the
deformation of Dirac theory symmetries. Same as before, Eq.
(31) cannot be solved exactly for k = 0 and k = 1 without
tensor interaction, since the two centrifugal terms
(proportional to k(k — 1)r~2 and k(k — 1)r™*). Applying
the approximations Eq. (43) to the centrifugal terms of Egs.
(41) and (42), the general form of the additive potentials

Pt (2) and AP (z) will be as follows:

pert 25 2° 23 4s 25/2
2 ( ) (Xnk (1 Xnk (1-2)* + Xnk (1-z + Ank (1-2)3
Z
+Xnk (1- 2)4 + Xgi (1- 2)4 + Xnk (1 )LG + 0(92)
(44)
and
pert z2 2p z%/2 3p z3/2 4p 252
A ( ) (Xnk (1-2)3 + Xnk (1-z + Ank (1-2)2 + Xnk (1-2)3

6p 2’
Xnk (1- 2)4

+ Xk )4)L 0 +0(6?),
(45)

+Xnk (1- 2)4

with
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Xk = 48*(B™ — Vo), xpb = 48*(B* + V)
X% = 1685*B~, B2 = 166*B*,
82 AAn 8244
x5 = — (264, + ), i = 264V, — ok,
26288 1)An 52445
) gi = Tk — 85412 — R k )
ap _ 202BB-DAy, g onyyn _ S2AMy
nk Mb?2 0 mMb2 '
Xk = Koy = —168*VZ,
6s _ _ 2B82(B-DA5, ep _ _ 2B8%(B-1Ap,
XBrk = T mz Ak T T T opz
X355 =168%k(k + 1), xoh = 165*k(k — 1).

Furthermore, using the unit step function (also known as the
Heaviside step function 6(x) or simply the theta function) to

rewrite the global induced two potentials X% (r) and
A’;’e;ﬁr(r) for spin and pseudospin symmetries corresponding
to upper and lower components (F;5,(s) and G, (s) ) and (

EP.(s) and G?, (s)), respectively as:

L) = ERT (O ER ) — ER7 (N6 (= |E 1)
B {Z Pert (1) for Uc of spin symmetry, )
Pt (1) for Lc of spin symmetry,
and

B () = 45 6 (|En P |) — A3 (6 (=[x )

_ { AP (r) for Uc of p-pin symmetry , 48)
AP (1) for Le of p-spin symmetry.
Where the step function 8(x) is given by:
_(1forx =0,
() = {0 otherwise’ (49)

Notably, the results yielded by the Greene and Aldrich
approximation, for small values 6&r << 1, are in good
agreement with those obtained using other methods. We have
replaced the terms k(k + 1)rv~* and k(k — 1)r~* with the
approximation in Eqg. (37). The combined Manning-Rosen
and Yukawa tensor potentials are extended by including new

additive potentials Z2*(r) and AR (r) expressed to the

5/2 3/2 5/2 3 7/2

22 z

(1-2)3" (1-2% (1-2? (1-23 (1-2* (1-2)*

radial terms and

(1 remers to become the newly combined Manning-Rosen and

Yukawa tensor potentials in 3D-RNCQS symmetries. The
generated new two effective potentials X2 (r) and APer(r)
are also proportional to the infinitesimal vector @. This allows
us to consider the new additive parts of the effective potential
Pt (r) and APSTC(r) as perturbation potentials compared
with the main potentials Z$,,.(r) and 4% ..(r) which are also
known with the parent potential operator in the symmetries of
3D-RNCQS, that is, the two inequalities X2 (r) <<
23.(r) and AP (r) << AP, (r) have become achieved.
That is all physical Justlflcatlons for applying the time-
independent perturbation theory become satisfied to calculate
the expectation values of previous radial terms. This allows

http://www.lajpe.org
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us to give a complete prescription for determining the energy
. th .

level of the generalized (n, 1, s, 1, s,,m,m,) " excited states.

B. The expectation values under the NCMRYPs in the 3D-
RNCQS for spin symmetry

In this subsection, we want to apply the perturbative theory,
in the case of deformation Dirac theory symmetries, we find

2 \s—mr
the expectation values M3 () = <(1i—z)3> s M3 sy =
(nlms)
< 25/2 >S—mr MS—mT = < z3/2 >S—mr somr
(1-2)% (nims) 3(nlms) (1-2)2 (nims) 4(nlms)
45/2 \S™MT B 43 \S—mT ~

(=) o M=) M =

(1-2)* (nlms) A=2*/ (nims)

<z7/2 >s—mr — < 22 >s—mr for th )
an = (—— or the spin

(a-2)* (nlms) 7(nims) (1-2)* (nlms)

symmetry taking into account the unperturbed upper
component F;5, (r) which we have seen previously in Eq. (23).
Thus after straightforward calculations, we obtain the
following results:

+o0
Sy = Cu” f 222 (1 — 2)nk 2 [2F, (-n,n +
+o0 1 1
Seims) = Crie . z2nk*3/2(1 — z)%nk=3 [2F; (—n,n +
2vi o+ ¢+ 1+ 20k, 2)]%dr,  (50.2)
— 2 to 1 1
;(nr?r;s) = 1711; o z2Vnit3/2 a- Z){nk_l [2F,(—n,n +
vl + ¢+ 1,1+ 2v),, 2))%dr, (50.3)
4+
Z(_nr?rzs) = 1¥I§2 . sz"llk+5/2(1 - Z)grllk_z [2F,(-n,n +
2V + G + 11+ 2vE,, 2))%dr, (50.4)
4o N .
Saiims) = Cnic” . z2nk*3(1 — z)n3 [2F (—=n,n +
2V + O + 11+ 21, 2))%dr, (50.5)
+o0 1 1
g(_rm;s) = C;Z,fz o z2Vnit7/2 1- Z)Z"k_3 [2F;(—n,n +
2vi + ¢+ 151+ 20, 2))dr, (50.6)
and
+o0
Tanims) = Cik* J 222 (1 — z)%n=3 [2F, (—n,n +
Vi + e+ 1+ 20, 2))%dr. (50.7)
We have used useful abbreviations (R)(,/ms) instead to

average values (n, [, m|R|n, [, m) to avoid the extra burden of
writing equations. Furthermore, we have applied the property
of the spherical harmonics, which has the form

Y0, $)Y™ (6, ) sin(8) dOdD = 811/ Symm-
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Introducing the change of variable z = exp(—26r). This
maps the region 0 <r <o to 0 <s <1 and allows us to

obtain r = —1/2% , and transform Egs. (50,i = 1,7) into
the following form:

s—mr Cnliz A 2vi 42-1 Zl 2
_ _Cy v _ _
1(nlms) — 55 z%"nk (1 = z)Snk [2F1 (—n,n+

2V + O + 11+ 2vE,, 2)]2dz, (51.1)

s—mr Chic: + 2v}, +5/2-1 ¢t.—3

2(nlms) — 28 z2Vni*s/ (1 — z)énk [2F1(—n,n +
2Vhe + G + L1+ 2vyy, 2)]%dz, (51.2)

s—mr Cnliz 1 2vl,+3/2-1 -1

3(nlms) — ;l(g f z%Vni*3/ a- Z){nk [2F1(_n;n +

2vnie + e + L1+ 2y, 2)dz, (51.3)

nsz +1
S—mr

4(nlms) — Z; fo sz}lk+5/2_1(1 - Z)Z}‘k_z [2F,(—n,n +

v+ 4+ 1,1+ 2v),, 2))%dz, (51.4)
Mg = Gk " 22nct3=1(1 — 7)ok~ [2F; (—n,n +
5(nims) = L5 1 ’
2vh 4+ O+ 11+ 2v),, 2)]2dz, (51.5)
s—-mr _ iliz = 2v1k+7/2—1 1— 4'1k—3 2F (—
6(nims) — 55 f z=m ( Z) n [ 1( n,n+
0
2vh + e+ L1+ 2v)y, 2)]2dz, (51.6)
and
nsz +1
75(_nr;l‘r:15) = C;—:; ZZV}IkJrZ_l(l - Z){rllk_3 [2F;(—n,n +

2V + e+ 1420, 2)]%dz . (51.7)
We can evaluate the above integrals either in a recurrence way
through the physical values of the principal quantum number
(n=0,1,..) and then generalize the result to the general
(n,1,5,1,,5,m,m,)" excited state or we use the method
proposed by Dong et al. [100] and applied by Zhang [101], to
obtain the general excited state directly. We calculate the
integrals in Eqs. (43,i = 1,7) with the help of the special
integral formula:

+1

j 21 - 2P, Fi(—nn+ B +a—2;2a +1,2),]%dz
0

(-DI(n+a+p)
=n! n a
n: F(a + 1))F(ﬁ + 1) Zq:o (q+a)r(n-q) 'q \r(q+a+p+1)

sB(—nq+an+a+pB;a+1,q+a+pB;1), (52)

. . n (c)n(e2)n(n
here 3F,(cy, ¢, {;¢3, 7+ &;1) equal to Z"ZO—(Ca)nn!(HS)’

the symbol (n + a + ), denotes the rising factorial or

r(n+a+p+q) . .
Pochhammer symbol et while I'(§) denoting the

usual Gamma function. By identifying Egs.(51,i = 1,7)
with the integrals in Egs. (52), we obtain the following results:
Ss—=mr —
1(nlms) —
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n

ﬁ%k (_1)q(n + Knk)q

Zq;o @+vi+2(n—q)'q'T(q+Kpe + 1)

3F,(—n,q + 2vi, + 2,n + Ky, 2vi, + 3, + Ky + 1; 1), (53.1)

s—mr  _
2(nlms) —
n

2 B (=1)A(n + Ky — 1/2),

o @+ 2y +5/2)(0 = @)1 q' T(q + Kn +1/2)
sFo(—n,q + 2vi, +5/2,n 4 Ky — 1/2,2vE, + 7/2;q + Ky +
1/2;1), (53.2)

s—mr

M3(nlms) =
Z B (=D)I(n + Ky + 1/2),
— (g +2va +3/2)(n = D1 T (q + K +3/2)

3F(—n,q + 2vk, +3/2,n+ Kpp + 1/2,2v2, +5/2; 9 + Ky +
3/2;1), (53.3)

n

s—mr _
4(nlms) —
n

Z B (=19 (n + Ky + 1/2),
(q+2vi +5/2)(n— ' q' T (q + Kp +3/2)

sFo(—n,q 4+ 2vi, +5/2,n 4+ Ky + 1/2,2vE, + 7/2;q + Ky +

3/2;1), (53.4)
Mg(_nrlnr‘rrls) =
n
Z B (=1 + Kni)g
@+2v, +3)(n—'q!T(q+Kp + 1)
3B (=1, q + 2vi, + 3, n + K, 2vE, + 459 + Ky
+1;1), (53.5)
S—mr _—
6(nlms) —
1
n BE (=17 (n+ Ky + 7)q

q=0 (Q+2v,11k +%) (n—q)!q!l"(q+Knk+%)

, 7 1 9 1
3F; —n,q+2vnk+E,n+Knk+—+E;q+Knk+E;1 ,

2,2v},
(53.6)
and
;(_n"lnr;s) =
n
Z B (=D (n + Ky — 1)
=, @+ 2v+ 2 —@)g (g + Kn)
3Fo (=1, + 2va + 2,1+ Ko — L2V + 35 + K 1),
(53.7)
with
Ko = 2V + S
Cnliz
ﬁ‘r]ik = ;5 n! I—'(ZV.,],:k + 3)1—'(6711:1( - 1)’
2 _ Crrzlliz 1 1
Bl = 55! T @V + 7/2T Gy = 2),
3 _ ngz ' 1 1
B3, = 05 n! T (2vy + 5/2)T (),
< Cnsz (54‘)
B = %n! rvay +7/2rGy. — b,
s _ G 1Ir(2vl, +4 L —2
B3, = 55 ™ 'y + DI Gy — 2),
6 _ Crrzlliz 1 1
Bl = S I (v + 9/2)T Gy = 2),
7 C;Lllzz 1 1
| Bk = 55 ! T vyy + 3 (G — 2).
and
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F(n+Knk+q)
F(n+Knk) ’
rn+ Ky +£1/2+q)

K. +1/2), =
(n+ Kne £1/2)0 = —Fe ik — 1/2)

[ rn+Ky,—1+q)

K, —1), =
| @+ K= Do =—Fa Tk —1

(n+ Knk)q =

, (55)

C. The expectation values under the NCMRYPs in the 3D-
RNCQS for p-spin symmetry

In this subsection, we want to apply the perturbative theory,
in the case of deformation Dirac theory symmetries, we find

_ 2 p—mr
the expectation values Mf(n’frm ) = <—(1iz)3> .
p™MpSp (nipmpsp)
p—mr _ < 25/2 >p_mr p—mr =
2(nlpympsp) ~ \(1-2)* (nl,,mps,,), 3(nipmpsp) —
< £3/2 >p—mr p—mr < 25/2 >p—mr
1-2)2 ) a(nlymysy) = \(1-2)3 '
=2/ (niympsp) (nlpmpsp) = \(1-2) (nipmpsp)
p-mr = < z3 >p—mr p-mr =
5(nlpmpsp) — \(1-2)* (nlpmpsp)’ 6(nlpmpsp) ~
Z7/2 \P~TT p—mr _ 22 \p—mr
<(1—z)4> and M7("lpmp5p) = <(1—Z)4> for p-
(nlpmpsp) (nlpympsp)

spin symmetry with tensor interaction taking into account the
wave function which we have seen previously in Eq. (24). By
examining the two expressions of the upper and lower
components (Fy, (r) and G, (r)) shown in Egs. (23) and (24),
we note that there is a possibility to move from the
unperturbed upper component F3,(r) to the other lower
component G?, (r) by making the following substitutions:
1

e © Copo Ve ©"Pnk and Oy © G- (56)

This allows us to obtain the expectation values for p-spin

symmetry from Eqgs. (45,i = 1,7) without re-calculation, as
follows:

p—mr

) 1(nlpymys,) =
Zn ﬁ‘rz:k (_1)q(n + Krzz)k)q
0 (q +v11mk +2)(n—q)'q'T(q+ Kﬁk +1)
3F(—n,q + 2vpu + 2,0 + KB 2vi e + 359 + Ky
+1;1), (57.1)
p—mr —
2(nlymps,)
j BEE(-1)9(n+ KD, — 1/2),
= (g+2vp +5/2)(n—)'q' T(q + Kb, +1/2)
sFo (=1, q + 2vpn +5/2,n+ KB — 1/2,2v0,, +7/2,9 + KD,
+1/2;1), (57.2)
p-mr _
3(nlpmpsp) -
i Bre(—D(n+ Ky, +1/2)
0 (¢ + ZV;nk +3/2)(n—q)'q'T'(q+ Kﬁk + 3/2)
3Fo(—n,q + 2V +3/2,n + KB+ 1/2,2v0, + 5/2;,q + Kby
+3/2;1), (57.3)
p-mr _
4(nlympsy) —
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i‘ B (=1)9(n + K? +1/2)
(q+2v;nk+5/2)(n—q)! 'T(q + K2,

+3/2)

3Fo(—n,q + 2V +5/2,n + KB +1/2,2v5, + 7/2;q + K,
+3/2;1), (57.4)
p—-mr
S(nlpmpsp)
Z" Bre =D (n+ KR,
(q+2v;nk +3)(n—q)lq 'F(q+ K? +1)
3Fo(—1,q + 2vin + 3,n + Kpy, 2V + 45 + K,
+1;1), (57-5)
p—-mr
6(nlpmpsp) -
i Bre =D (n+ Kl +1/2),
= (a4 2vu +7/2)(n—)'q! (g + Ky +1/2)

sFo(—n,q + 2V + 7/2,n + KB 4+ 1/2,2v0, + 9/2;:q + K,

+1/2;1), (57.6)
and
- i BT (=1)9(n+KP, — 1),
(ntymps;) = (a+2vpu +2)(n— @) q! T (q + KE,)
312'2(—11,q + ZVpnk + 2 n+ Kp - l,ZV;nk +3;q
nk' 1) (57'7)
with
Krzl.)k vank + {pnk'
Cnpz
BYL = 2 i P (2vd e + 3) (G — 1),
Cnpz
‘3 nk_ n'I"(vanlc + 7/2)F(§pnk 2),
Cnpz
BYS = 2B P (2vd e + 5/2)1 (Chte),
CZPZ (58)
‘3 T (2vpn + 7/2)T (Gpnie — 1),
Cnpz
ﬁnk Snk g I (2vpn + ) (Gpni — 2),
Can
Bre n'F(vank +9/2)r ((p x )'
np2
Bri = 26 5 T (2Vpnic + 3)1 (G = 2).
and
( +K ) _ r(n+KE +q)
nT By r(n+k?,) "’
_ r(n+kB, +1/2+q)
(n + K X 1/2) m. (59)
p r(n+k?, -1+q)
l (n+ K3 1)q T r(n+kb-1)

D. New energy for NCMRYPs in 3D-RNCQS symmetries

The main objective underlined in this subsection is to find the
contribution resulting from topological properties based on
our strategy which we have successfully applied in previous
works and which we try to develop in every new work. We
can say that the global relativistic energy in the perspective of
3D-RNCQS symmetries produced with NCMRYPs model as
a result of a major contribution to relativistic energy known in
the literature under the combined Manning-Rosen and
Yukawa tensor potentials model in usual Dirac theory and
Lat. Am. J. Phys. Educ. Vol. 19, No. 4, Dec., 2025
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which we paved for through a quick look for the spin(p-spin)-
symmetry in Egs. (20) and (21), while the new contribution is
produced from the topological properties under space-space
deformation, which can be evaluated through several
contributions, we will address three of them. The first one is
generated from the effect of the perturbed spin-orbit effective
potentials  XP“(r) and APST°(r) corresponds to spin
symmetry and pseudospin symmetry. These perturbed
effective potentials are obtained by replacing the coupling of
the angular momentum (L and L,) operators and the NC
vector ®@ with the new equivalent couplings ( OLS and
OL,S,) for spin and p-spin-symmetry, respectively(with
0? = 0%, + O3, + 673 ). This degree of freedom comes
considering that the infinitesimal NC vector @ is arbitrary. We
have oriented the two spin-s and spin-s,, of the fermionic
particles to become parallels to the vector ® which interacted
with new combined Manning-Rosen and Yukawa tensor
potentials. Additionally, we substitute the previous new spin-
orbit couplings with the corresponding new physical form
(O/Z)Gzand (0/2)G3 , with G =J2—1*—S% and G} =
J?2 - S2 for a spin (p-spin)- symmetry respectively. It is
well known thatthe operators (H®r, J2, L%, % and J,) form
a complete set of conserved physics quantities, the
eigenvalues of the operators G2 and G; are equal to the
values:

F(].,l‘s): [](]+1)_l(l+1)—s(s+1)],

for |l —s|<j<

|1+ s]|
and

[j(j +1) - lp(lp _ 1) _ Sp(sp + 1)],

for |lp —sp| <j< |lp +sp|

F(j'lp'sp) =

that corresponding to the spin and p-spin-symmetry,
respectively. Consequently, the partially corrected energies

AESSS(n, 8, B,A,Vy,m,j,1,s) = AESS™S and
AE, P(n,6,B,A,Vo,n, ), 1y, s) =AE, P due to the

perturbed effective potentials 257 () and A7 () produced

for the (nls,l,s,)" in 3D-RNCQS
symmetries, as follows:

excited state,

AESS™S = OF(j, )X (1,6, ,A,Vy),
_ . mr 60
BE = OF (b5, )Xo (0,6, 6,A,Vo) (60)

The global two expectation values (X){s (1, 6, 5,4,V,)
and <XP>Zrzpm,,sp)(n’ 5,8,A4,V,) for a spin(p-spin)-

symmetry, respectively are determined from the following
expressions:

Xy (1,8, 8, 4,Vy) = Z Bl

s—mr
u(nlms)’

(61)
Up pyp-mr
(X0 gy 1 8- 4, V) Z Bk Mty mys
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Noncommutative Dirac and Schrédinger equations in the background of the new combined Manning-Rosen and...

where g7 and B! (H =1 7) are determined from Eqgs. (46)

while M, ims) and Mp(m mpsy) € determined from Eqgs.

(53,i = 1,7) and Egs. (57, i = 1,7), respectively. The second
main part is obtained from the magnetic effect of the
perturbative effective potentials Z2%°(r) and APt (r)
under the NCMRYPs model in 3D-RNCQS symmetries.
These effective potentials are achieved when we replace both
(L® and L,®) by (AXL, and ARLY ), respectively, and 0,
by AX, here ( X and A) are present the intensity of the
magnetic field induced by the effect of the deformation of
space-space geometry and a new infinitesimal
noncommutativity parameter, so that the physical unit of the
original noncommutativity parameter ,, (length)? is the
same unit of AX , we have also need to apply
(n’,U,m/|L,In,l,m) =mé,,,,8,16,n and
(n" lI'J'm;J|LIZ)|n’ lp’mp> = mp6mpmp lplp nn( l mp -
l, and =1 < m < 1) for spin(p-spin)-symmetry, respectively.
All of these data allow for the discovery of the new energy
shift AE; 97 (n,8,B8,A,Vo, A,j,1, m)=AEn?™°  and
AER? P (n,6,8,A,Vo, A, j, Lmy)= AE, 2P due to the
perturbed Zeeman effect created by the influence of the

NCMRYPs model for the (n,1,5,1,,s,m,m,)" excited
state in 3D-RNCQS symmetries as follows:

Ay’ ™ = AXX)(aims) (0, 6, B, A, Vo)m,

BERST = 2NN (8,8 A Vo), (62)

After we completed the self-energy additions resulting from
the self-deformation generated by perturbed (spin/p-spin)-
orbit interactions and the new modified Zeeman effect. We
are now in the process of reviewing another addition that is
no less important than the previous ones under the NCMRYPs
model in 3D-RNCQS symmetries. This new physical
phenomenon is generated automatically from the effect of
perturbed effective potentials Z2*(r) and 427" () which
we have seen in Egs. (44) and (45). We consider the fermionic
particles undergoing rotation with angular velocity w. The
features of this subjective phenomenon are determined by
replacing the arbitrary vector ® with yw . Allowing us to
replace the two couplings (L® and L,®) with ( yLw and
L,w ), respectively, as follows:

L 6 L w for spin-sy 63
(Lp) - (pr for p-spin-sy)' (63)

Here, we consider y is just an infinitesimal real proportional
constant. We can express the effective potentials 2347 (2)
and A77,;"°"(z) which induced the rotational movements of
the fermionic particles as follows:

N v

2 z
ymr— rot

pert (Z) = V(Xnk (1 z ) + Xnk (1 ) +

Lat. Am. J. Phys. Educ. Vol. 19, No. 4, Dec., 2025

73/2 £5/2 23

+ + + Xnn
Xnk (1 ) Xnk (1 ) Xnk (1 _ 2)4
7712 2

Z
+xss a—o" + x0 a- 2)4)Lw + 0(06?),(64.1)

and
2 . ZS/Z
A;negtrat(z) = Y(Xnk (1 ) + an (1 _ 2)4 +
23/2 75/2 . 23
+Xnk (1 ) Xnk (1 ) + an (1 _ Z)4'

+

7/2 72

+xop (12 P —+ X - )4)L ® + 0(02).(64.2)

To simplify the calculations without changing the physical
content, by applying the same principle that we examined a
short while ago, we choose the rotational velocity w parallel
to the (0z) axis (w = we,). Thus, the above equation can be
reduced to its simplified form as

7

> My Lo
1=1
14
KD g gp—mr
kz BrucM #(nipmpsp) pr}

7

US pgs—mr L
nk™u(nims) z

u=1

=yw S . (65)
UD qgp—mr 14
K Z nk MH("lpmpsp) LZ)
u=1
All of this data permuted us to produce the corrected energies
AE;{’rt‘S n,8,B8,4A,V,, Y, m ) and

E;y™P(n, 8, 8,4,V y,m,) due to the perturbed effective
potentlals Zpee % (2) and 43757t (z) which are generated
automatically by the influence of the new combined Manning-

Rosen and Yukawa tensor potentials for the (n, [, L, m, mp)th
excited state in 3D-RNCQS symmetries as follows:

Aquort_s (X)E’}ﬁms)(n S, ﬁ A, Vo)m
(agies) =70 g, w81 4 Voo | 6

It is worth noting that the authors of reference [102] studied
rotating isotropic and anisotropic harmonically confined
ultra-cold Fermi gas in a two and three-dimensional space at
zero temperature, but in this study, the rotational term was
added to the Hamiltonian operator, in contrast to our case,
where in our recent study, the two rotation operators

I (2)Lw and A7t (z)L,m automatically appear
due to the augmented symmetries resulting from the
deformation of space-space under the new combined
Manning-Rosen and Yukawa tensor potentials. For fermionic
particles with spin-1/2, the eigenvalues of the operators G2
and G, are equal to the values:
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e _ 3
4( FU’I’S)Z[J(I‘FU 12(l+1) 1

LF(], Ly, sp) = [j(j +1) -1, -1) - %] /2.

(67)

The possible values of {j} that corresponding spin-1/2 can
be taken ([ +1/2 and [, +1/2) for spin symmetry and
pseudospin symmetry, this allows us to reformulate Eq. (67)
as follows:

F(Gj=1+1/2,s=1/2)
1 l Uppolarity: j=1+1/2, 68
- E{—(l + 1) Down polarity: j = | — 1/2. (68)

and
F(j=1,+1/2,s,=1/2)

1 l, Up polarity: j =1, +1/2, 60
2 —(lp + 1) Down polarity: j = [, — 1/2. (69)
The global relativistic energy
ETT=Sn,8,B8,A,Vy,n,4,7,j,1,5,m) andE,y

(n,6,B,A4,Vo,n,A,7,j,1,,5,m,) for the case of spin-1/2 with
new combined Manning-Rosen and Yukawa tensor
potentials, in the framework of 3D-RNCQS symmetries,

. . th
corresponding to the generalized (n,l,s,1,, s, m m,)

excited with Up polarity (Up) with j =1+ 1/2 and down
polarity (Dp) with j = [—1/2 as

ETTIT}.‘T_S(nI 6! B! A! VO; 9; /1; V,]', ll S; m)

= 51,8, B, A, Vo), HX)ey (0,8, B, A, Vo) | (AR

1
I for Up withj=l+§

—(l + 1) for Dp with j = l—E

+yw)m+ = .(70)

2

and
Ene P(n,8,8,4,V0,0,4,7, ), Ly, Sp, )
=EP (n,8,B,A,V,)

mr
+(X,) (ntymysy) T 8 Br A4: Vo)

l, forUp with j=1, +%
—(lp + 1) for Dp withj = [, —%

(71)
Where Ej, and EJ, are usual relativistic energies under
combined Manning-Rosen and Yukawa tensor potentials
obtained from equations of energy in Egs.(20) and (21). We
can now generalize our obtained energies Ej”,,° and E;, "
under the new combined Manning-Rosen and Yukawa tensor

potentials which are produced with the globally induced two
potentials £F5"(r) and AP (r) for spin and pseudospin

symmetries corresponding to the upper and lower components

AR +yw)m, +

2
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(FS.(s) and G5, (s))and (FF.(s) and G?,(s)), respectively
as:

mr—-s _—
Eg—nc =

Ene 0(ERE 1) — End 0 (=1Eqe ~*1)
_ { EJ =5 for Uc of spin symmetry 72)
—E7Y"~5 for Lc of spin symmetry
and
EgZnd = Ene "O(|Enc "|) = Ene "O(=Enc 1)
B {E,ﬁr_p for UC of p-pin symmetry

_Emr—p

ne  for Lc of p-pin symmetry

. V. THE NEW COMBINED
MANNING-ROSEN AND YUKAWA
TENSOR INTERACTION IN 3D-
NRNCQS SYMMETRIES

In order to study and analyze the nonrelativistic limit, in three-
dimensional nonrelativistic noncommutative quantum
mechanics (3D-3D-NRNCQS) symmetries of the new
combined Manning-Rosen potential, two steps must be
applied, the first step corresponds to the nonrelativistic limit,
in usual nonrelativistic quantum energy. This is done by
applying the following steps, we replace:

(CES' Cps, Vo) d (0,0,0), E‘fl‘k + M d 2/1, E"ik - M d
ok + 1) - I+ 1).

nl»

This allows us to obtain the nonrelativistic energy levels as:

nr__i

nl 2u

2
24 —
[5 26%2A-1(1+1)-n(n+1)A(l,B,8) ] (74)

n+%+A(l,ﬁ,6)

Here A(L, B, §) equal to \/i +I(l+ 1) —262%B(B — 1). Now,

the second step corresponds to the transformation of the
relativistic coefficients x4 (u =1,7) under the previous
correspondence to the new nonrelativistic coefficients
el (u=1,7) of the nonrelativistic expectations values are
given by:

1 _ o2 _ 5
T & =& T 0,
3 _ _ 28%4
nlk — p2 "’
4 _ 48%B(B-1) 2524
9 & = b2 T T2 (75)
6 _ _ 2B8*(B-14A
g‘n.l - b2 )

g7, = 166*1(1 + 1).

Allows us to reexport the relativistic expectation values
(X)(nims) (. 6, B, A, Vo ) of spin symmetry in Eq. (61) from the
corresponding nonrelativistic expectation values
XY (n, 6, B,4,V,) as:

(nlms)
7
(X)nims) (0,8, B, A, Vo) = Eﬂlzg EnitMyi(nms) (76)
with
nr-mr _
3(nlms) —
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n

2,

n (=D + Kl +1/2),
(q+2vit+3/2)(n—q)!q !I"(q+K"T+3/2)

sF(—n,q +2vI¥t +3/2, n+ o+ 1/2,2vI +
5/2;q + K +3/2; 1), (17.1)

nr-mr __
4(nlms) —
n

2,

Bt (=D + K +1/2),
(@+2vit+5/2)(n—q)!q !F(q+K"r+3/2)
3F(—n,q+2vIYt +5/2, n+ 4 1/2,2vI +

7/2;q + + 3/2; 1), (77 2)
nr-mr __
6(nlms) —
n
Z w (DI + Kol +1/2),
- (q+2vit+7/2)(n—q)'q!T(q + K} +1/2)
3Fy(—n, q+2v””+7/2,n+ o+ 1/2,2v0 +
9/2;q + K} +1/2 1), (77.3)
and
nr-mr __
7(nlms) —
n
Z n (=D + Kl — 1),
= (@+2vit+2)(n— q)' IT'(q + K}
sFo(—n,q +2viit + 2,n+ KT — 1,2v) + 3;9 +
K1), (77.4)
with
— Zvnrl + (Tlll
;b” C"k Ot +5/20 (G,
e = n' reviyt+7/2)r(y - 1)'(78)
e = n' rviyt +9/2r(gt —2),
7 = nvr(2v"” +3)r(gyt - 2).
and
r(n+Kp +1/2+q)
m+ Ky +1/2), = —F(n+Knr+1/2) ) 79)
_ r(n+Kp —1+q)
(n + Dq = r(n+kj-1-1)"
This permuted expressing the nonrelativistic correction

energy AEJY .-(n,6,Vy,A,n,A,v,j,1,s,m) produced by the
new combined Manning-Rosen and Yukawa tensor potentials
as

AETT{ECTLT(TI! 6! VOI A! T]! /L ]/rj; l; S; m)
= (XY (0,8, B, A, Vo) (AR + yw)m

mr—nr 0 I Up:j=1+1/2,
OB 008, A S ) 5 21 o 0
The global nonrelativistic energy

EM (0, 8,V,,4A,0,1,v,j,1,s,m) produced with the new
Manning-Rosen potential in 3D-NRNCQS symmetries as a
result the topological properties of the deformation space-
space is the sum of usual energy E;;" in Eq. (74) under
combined Manning-Rosen and Yukawa tensor potentials in

Lat. Am. J. Phys. Educ. Vol. 19, No. 4, Dec., 2025
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3D-NRNCQS symmetries and the obtained correction
AETY .(n,6,V,4,0,4,7,j,1,s,m) in Eq. (80) as follows:

ENT (0, 8,Vy,A,0,A,v,j,1,5,m)
2

1|,26%°A- 10+ 1) ~n(n + 1A B,6)
2u n+ 3+ A0S

HOOTE (0,8, 6,4,V0) [N + yw)m +
0 I Up:j=1+4+1/2
5{—(1 +1)Dp:j=1- 1/2]'(81)

Now, considering composite systems such as molecules made
of N = 2 particles of masses m,(n = 1,2 ) in the frame of
NC algebra, it is worth taking into account the features of the
descriptions of the systems in the nonrelativistic case, it was
obtained those composite systems with different masses are
described with different NC parameters [48, 49, 50]:

(s,h,0)

h,
[a5"0, a5 = i6g,, (82)
where the noncommutativity parameter 6y, is determined
from:
2
=% uisl, (83)
n=1
with py = =—F2_ and 6,53) is the parameter

of non-commutativity, corresponding to the mass particle of
mass u,, . Note that in the case of a physical system composed
of two identical particles u; = u, such as the diatomic O,
I, N2, Hz, and Ar, molecules under the effect of the new

Manning-Rosen potential, the parameter 6}5}) = 6y Thus,

the three parameters n, A, and y which appear in Eq. (81) are
changed to become as follows:

2 2 2 2 2 2

E? = (Z u%Ef'Z)) +(Z u%:"é?)) +(Z u2E® ) :
n=1 n=1 n=1

(84)

with Z¢ = (8¢, A°,¥°). As mentioned above, in the case of a

system of two particles with the same mass p; = u,, we have

nfﬁ,) = Ny, Aff},) = A,y and y,fﬁ) =y, Finally, we can

generalize our obtained nonrelativistic total energy

EScnr(n,8,m, 4,15 2°,v5,j,l,s,m) under the new

Manning-Rosen potential considering that composite systems

with different masses are described with different NC

parameters for the HCI, CH, LiH, CO, and NO diatomic

molecules as:
2

1 5 262A—1(1+ 1) —n(n+ DA B,6)

mr - _
Enc—nr =

2u n+ 5+ A0B,6)

_l_(X)mr—nr
6¢ {
2 (—

(ntms) [(ACN +y‘w)m+
1 Upj=1+1/2 ]

U+1)Dp:j=1—172] (85

http://www.lajpe.org
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V. STUDY OF IMPORTANT RELATIVISTIC
AND NON-RELATIVISTIC CASES IN THE
CONTEXT OF 3D-NRNCQS SYMMETRIES

In this section, we are about to examine some particular cases
regarding the new relativistic bound state energy eigenvalues
in Egs. (70) and (71) and the nonrelativistic bound state
energy eigenvalues in Eqg. (81). We could derive some
particular potentials, useful for other physical systems, by
adjusting relevant parameters of the NCMRY Ps model in 3D-
RNCQS and 3D-NRNCQS symmetries, such as the new s-
wave cases and both the new Dirac and Schrodinger-
Manning-Rosen problems in 3D-RNCQS and 3D-NRNCQS
symmetries.

A. New s-wave under deformed (Dirac-Schrodinger)
equations with NCMRYPs model and Manning-Rosen
problem

If we consider I =0 and [, =0(k =—-1and k= +1 for
spin and p-spin symmetry, respectively), we obtain directly
the s-wave. The new corresponding relativistic energy
eigenvalue equations in 3D-RNCQS symmetries reduce to:

ER¥—=(m,6,B,A,Vy,6,4,y,j,1l =0,5,m)
- Es( nt <X)(n0ms)(n 8,8,4,Vp)

0 forUp withj=1/2
R +yw)m +3 { 1 for Dp with j = 1/2]’ (86)
and
Ene (n,6,B,4,V0,0,4,7,j,1, = 0,s,,m,)
=EP + (X, )( om )(nSﬁAVO)
0 forUp w1th j=1/2
[(M{ + yw)mp { 1 for Dpwithj = 1/2] (87)
with E5 _,yand E7; are given by[13]:
M? — Er§,2—1 - CES(M - Eri,—l) =
A(M+E3 _1-CsE) s 2
452 [Z—MISE-?(n+1)A_1l , (88)
2n+1+245
and
2
A(M-ED  —Cps) s
p2 p _ 2 71\4—11(n+1)/11
M? —EP} + Cos(M + EF)) = 46 YTy
(89)
While the new corresponding nonrelativistic energy

eigenvalue in Eq. (81) reduces to:

EM .0, 68,Vy,4,0,4,y,j,l =0,s,m)
1 s 2624 —n(n + 1)A(0,8,68) i
24" n4a+A0,8,6)
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0 0 Up:j=-
- (90)
+1Dp:j= —=
Here A%;, A7 and A(0,8,8) are -equals to
\/1 | BED01E, 4 ~Csx) \/1 L BE-DM-E —cps)
4 2M 4 2M

/1—262,8(/3—1) respectively. The new expectations

values (X)roms): (Xp)mr and (X)I-nT(n, 5,8, A, Vp)

(nompsp) (noms)
are determined from:

(X)noms) (0, 6, B, A, Vo) = lim(X)E’,‘flms)(n 8,B,A, V),

<XP)1(111:0mps )(n 6,B8,A,Vp) = llm( )

(X)%;g)(n 5,B8,A,Vy) = le(X)E%mﬁ)r(n 8,B,4,V,).
91)

Pl(nlympsp)

B. Deformed (Dirac-Schrédinger) new Manning-Rosen
problems:

If we consider V, = 0, our studied potential turns to the new
Manning-Rosen potential, and the new energy eigenvalue, in
3D-RNCQS symmetries, for the spin and p-spin symmetry
becomes as:
El=S(n,68,B,4,0,1,v,j,1,s,m)
e + (X>€rrll[ms) (n! 6; ﬁ; A)
1
I for Up withj :l+z
—(l+ 1) for Dp with j = l—E
(92)
and
Ene P (n,8,8,4,0,A,v,), 1y, sp,m,)

m
=E7 + (Xp)(mpmpsp)(n, 8,B,4)
l, forUp with j=1, +1
(l + 1)f0erw1th] =1,—=

AR +yw)m, + 9{

(93)
with EJS and E,\F are given by [13]:
M E"ns2 CES(M ms = 462

2

AZA"" —k(k+1) —n(n+ 1)\/ +k(k+1) 4 BB - D ;A})A"kl
[ 2n+1+2\/ +k(k+1)+AA:1n"s |

(94)
and

M? — ERP? + Cpg(M + EJP) = 462
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(95)

While the new corresponding nonrelativistic energy

eigenvalue in Eq. (81) reduces to:

2

1|,20°A-10+1) —n(n + 1ACB,6)

Eftnr = “ou 1
" n+5+40,8,6)
+HX (AR + ya)m + 2 LU=t
yw)m+ - ,
(nims) 2|—(l+ 1) Dp:j = l—%
(96)
here ;’fks and A7;P are equals to (M + — Csg) and

(M- — Cps) respectlvely The new expectatlons values
(X)E’fums)(n 8,8, 4), (X >( Lympsy) (0B A) and
X) " (n, 6, B, A) are determmed from:

(nlms)
( X)imsy) (M, 6,8,4) = lim (X)Zl[lms) n,8,B,A,Vy),

(X)Z;lpms)(né‘ﬁA)—llm( )(lms)

(Vs 1,6, 6,4) = Lim (O (0,8,, 4, Vo).
97)

It is crucial to highlight that using perturbation theory to find
second-order corrections under the new combined MR and
Yukawa tensor potentials is ineffective because we have only
used first-order corrections of infinitesimal parameters
(6,2,y). Therefore, all the energetic corrections resulting
from the deformation of space-space are of the first order of
(6, 4,y) according to the postulates we adopted in our current
research in Egs. (4.2) and (7), this is one of the most important
new results of this research. Worthwhile it is better to mention
that for the three- simultaneous limits (6, 4,y) — (0,0,0) , we
recover the equations of energy for the spin symmetry and the
p-spin symmetry, under the combined Manning-Rosen and
Yukawa tensor potentials which are treated in Refs. [13, 17].
Through our theoretical study of the new MR potential
including Yukawa-like tensor interactions in 3D-RNCQS
symmetries based on the study of researchers, (Ahmadov et
al. and Ortakaya et al.) who clearly showed that shown that
tensor interaction removes the degeneracy between two states
in the pseudospin and spin doublets in usual 3D-RNCQS and
3D-NRNCQS symmetries, and through our current study, we
found that the effect of deformation of space-space on energy
is proportional to three infinitesimal parameters (8, 4, y). This
means that the new energy is slightly offset from its
counterpart in the literature. This confirms the conclusion
reached by the researchers in Refs. [13, 17] remains valid and
confirmed in our current research.
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VI. SUMMARY AND CONCLUSIONS

In this paper, we have obtained the new approximate solutions
of the deformed Dirac equation in three-dimensional
relativistic noncommutative quantum mechanics, for the new
Manning-Rosen potential including a tensor Yukawa
interaction within the framework of pseudospin and spin
symmetry limits. Bopp's shift and perturbation theory
methods were used to solve the deformed Dirac equation
analytically. We have obtained the global energy eigenvalues
in terms of the quantum numbers (j, k, 1/1,, s/s,, m/m,), the
potential depths (B, 4, V;) of the studied potentials, the range
of the potentials &, and noncommutativity parameters
(6, A,y). We have analyzed the nonrelativistic solutions of the
Manning-Rosen potential. Furthermore, we have applied our
results to the composite systems such as diatomic molecules
HCI, CH, LiH, CO, NO, Oy, I, N2, Hz, and Ar.. By altering
parameters (S, A4,V,), we have obtained specific potentials
which is helpful for other physical systems such as the s-wave
of the new combined Manning-Rosen and Yukawa tensor
potentials and the new Manning-Rosen problem in 3D-
RNCQS and 3D-NRNCQS symmetries. It is worth
mentioning that, in all cases, to make the three simultaneous
limits (6,4, y) — (0,0,0), the ordinary physical quantities are
recovered in Refs. [13, 17].
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Abstract

The magnetic records obtained at low latitude geomagnetic observatory of Langkawi for the period of 3 years was
used to study the diurnal and monthly-mean variation of the horizontal, H, and vertical, Z, geomagnetic field
intensities during quiet and disturbed conditions. Results revealed that quiet SqH and SqZ with their corresponding
disturbed variations (SdH and SdZ) shows minimum values at nighttime (19:00-05:00) LT hrs that are lower than
the pre-sunrise (06:00-07:00) LT hrs. On quiet conditions, the SqH shows remarkable daytime linear increase from
155 nT in 2011 to 160 and 162 nT in 2012 and 2013. The disturbed period exhibit irregular variation trend with
highest values 227, 215 and 237 nT in 2011, 2012 and 2013 respectively. The daytime maximum MSgH values
increase from ~125 nT in 2011 to 135 nT in October 2013, in contrast to MSdH that decrease progressively from
166 nT in September 2011 to 145 nT in March 2013. The reduced MSdH magnitude with increasing solar activity
seems to indicate weakening effect of the disturbance dynamo dynamo mechanism. The daytime maximum SqZ
and SdZ with their monthly-mean (MSgH and MSdH) readily conform to those amplitudes variation pattern with
lesser magnitudes. The daytime SqH maximum with their MSgH were observe to occur around (10:00-12:00) LT
hrs and shifted to 14:00 LT during disturbed period indication of possible modification of equatorial electrojet
during disturbed period. The greater seasonal SSqH magnitude at the equinoctial season may likely be due to the
fact that the sun is directly towards the equator around this season. The increase in AsqgH and ASdH with solar
activity can be likened to the effect of solar activity on the ionospheric conductivity.

Keywords: lonosphere, Solar quiet current, magnetic field, magnetosphere.

Resumen

Los registros magnéticos obtenidos en el observatorio geomagnético de baja latitud de Langkawi durante un
periodo de 3 afios se utilizaron para estudiar la variacion media diurna y mensual de las intensidades del campo
geomagnético horizontal (H) y vertical (Z) en condiciones tranquilas y perturbadas. Los resultados revelaron que
las SqH y SgZ en condiciones tranquilas, con sus correspondientes variaciones perturbadas (SdH y SdZ), muestran
valores minimos durante la noche (19:00-05:00) horas de luz solar, inferiores a los valores de la hora de luz solar
antes del amanecer (06:00-07:00). En condiciones tranquilas, el SqH muestra un notable aumento lineal diurno de
155 nT en 2011 a 160 y 162 nT en 2012 y 2013. El periodo perturbado exhibe una tendencia de variacion irregular
con los valores més altos de 227, 215 y 237 nT en 2011, 2012 y 2013 respectivamente. Los valores méaximos
diurnos de MSgH aumentan de ~125 nT en 2011 a 135 nT en octubre de 2013, en contraste con MSdH que
disminuye progresivamente de 166 nT en septiembre de 2011 a 145 nT en marzo de 2013. La magnitud reducida de
MSdH con el aumento de la actividad solar parece indicar un efecto de debilitamiento del mecanismo dinamo-
dinamo de perturbacion. Los maximos diurnos de SqZ y SdZ, con sus medias mensuales (MSqH y MSdH), se
ajustan facilmente a estos patrones de variacion de amplitud con magnitudes menores. Se observé que el maximo
diurno de SqH con su MSqH se produjo alrededor de las 10:00-12:00 horas locales (LT) y se desplazé a las 14:00
horas locales (LT) durante el periodo de perturbacion, lo que indica una posible modificacion del electrochorro
ecuatorial durante dicho periodo. La mayor magnitud estacional de SSqH en la estacién equinoccial probablemente
se deba a que el sol se encuentra directamente hacia el ecuador en esta estacion. El aumento de AsqH y ASdH con
la actividad solar puede compararse con el efecto de la actividad solar en la conductividad ionosférica.

Palabras clave: lonosfera, Corriente Solar Quieta, Campo Magnético, Magnetosfera.
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I. INTRODUCTION

The regional and global monitoring of the Earth’s magnetic
field reveal outstanding changes that are regular in some
days and irregular at other times. These changes in geoma-
gnetic field are linked to two different physical phenomena:
the regular variations which are observed only during
magnetically quiet days are sometimes referred to as
geomagnetic daily variations or simply solar quiet (Sq)
variations e.g., [1]. These variations generated by overhaed
current flowing in the E-region of the ionosphere. The
irregular variations are mostly related to the response of the
magnetospheric activities and are mostly referred to as solar
disturbed (Sd) variations. These variations are generated
during ionospheric disturbance dynamo mechanism in
combine effect with current of non-ionospheric origin [2].

Various current systems flow in the upper regién of the
atmosphere and thus extablish electric and magnetic fields
at the gound surface of the Earth. The field at a specific
point is dependent on location, latitude, local time, season
and phase of the solar cycle. At the magnetic equator, there
exist two current systems, The World Solar quiet (WSq)
current that flows eastward at an altitude height of 113+7
Km and the EEJ current flowing either eastward or
westward at low altitude layer of 10748 Km [3, 4, 5].

The superposition of these currents at the magnetic
equator generates the intensed solar daily geomagnetic field
variations. Studie has shown that both the solar quiet Sq and
solar disturbed Sd variations exhibit significant day-to-day
variability that vary in their amplitudes, phase and focal
latitudes from one day to another, e.g., [2, 5, 6, 7]. The
variations in both strength and phase of the Sq and Sd is
largely attributed to significant changes in ionospheric
dynamo mechanism which in-turn is dependent on
ionospheric conductivity and tidal winds [2, 8].

The enhanced solar disturbed H-field SdH during
magnetic disturbances is caused by leakages of the high
latituude to low latitudes. [9] observed that during
disturbance periods, there are times Sd amplitudes are
enhanced while at other times it is decreased. The SqZ and
SdZ during quiet and disturbed periods have been widely
reported to represent very closedly the temporal gradient of
the SqH and SdH fields [3, 4, 8]. The characteristics of the
regular and irregular variations of the H-field over India,
Africa and American sectors have been carried out [3, 4, 6,
10]. The result revealed that during disturbed days, the daily
variations of the H-field SAH shows lower values relative to
the quiet-time SqH. This has been explined as due to the
dominance of the westward disturbances current, e.g., [4].

The above literatures highlights some of the studies
conducted on the variabilities of Sq and Sd from other
regions of the world. To the best of our knowledge no detail
report on the daily variations of Sq and Sd have been made
over the Malaysian latitude knowing well that geomagnetic
field changes with location, and time scale. Hence, this
paper is set to investigate the solar daily variations of
geomagnetic field H and Z component during quiet and
disturbed conditions.
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1. DATA AND METHOD OF ANALYSIS

The study was carried out using magnetic field records of
the horizontal and vertical components of the Earth obtained
from Magnetic Data Acquisition System (MAGDAS)
network at Langkawi (geographic latitude: 6.3°N,
geographic longitude: 99.68°N, geomagnetic latitude: -
2.32°S geomagnetic longitude: 171.29% for a period of 3
years (2011, 2012 and 2013). These years are during the
ascending phase of the solar cycle 24. The magnetometer
fluxgate records seconds and minute data and only the
minute data waere engaged in this study. The data
composed of 1mins averages were binned to hourly average
and this reduced the data to 24 hourly values of each
particular day considered in the study. This was carried out
throughout the years under investigation. The baseline was
defined as the average of four flanking local midnight
(00:00 LT, 01:00 LT, 22:00 LT and 23:00 LT) respectively.
This is represented by the equation:

_ Hoo:00 +Ho1:00+H22:00 +H23:00
Hy = " : @

Zp = Z00:00 Z01:001+Z22:00 +Z23:00

: . @

Where, Hoo:00, Ho1:00, H2200 and Hzz:00 and Z o000, Zoz:00,
Zaz-00 and Zaz:00 represent the hourly values of the H and Z
component at 01:00, 02:00, 23:00 and 24:00 LT hours. The
midnight baseline values were further subtracted from the
hourly values to get the hourly departures from the midnight
for same particular day, this relation is expressed as;

AH=H, -H, , (3)

(4)

Where t is the time in hours and ranged from 01:00 to 24:00
LT. H: and Z; are the hourly values of the two components
H and Z. The hourly departure is further corrected for non-
cyclic variation a phenomenon where the difference
between the value of a field at the 24™ LT hour of a
particular day and the 1% LT hour of that same day is
eliminated according to [11] This is achieved by making
linear adjustment on the daily hourly values of the Sq using
the following relation:

AZ=2, -7, .

=M1—Maq

A
k 23

®)

Where M1, My, M4 represent the hourly values of AH and
AZ at 01:00 LT, 02:00 LT....24:00 LT. The linear adjusted
value for each hour is given as:

M; + 0Ay, M, + 1A, ..My, + 23A,. (6)

The linearly adjusted values are expressed in the relation
below;

AH, (M)= M, + (t — DA, . ©)
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Hence, the corrected non-cyclic hourly departures gives the
solar daily variation of H and Z components. This solar
daily variation is approximately equal tosolar quiet daily H-
field (SqH) and its corresponding vertical component as
SqgZ and the solar disturbed daily H-field is represented as
SdH and its vertical component as SdZ. To thoroughly
explore the geomagnetic field in terms of solar terrestrial
activity, 3 years data are utilized. These data were selected
from two categories of group from each month obtained
from Geosciences Australia catalogue at http://www.ga
.gov.au/oracle/geomag/igd_form.jsp. The first category
consist of 10 group of days which are called the 10
international quiet days that depict when the geomagnetic
variations are minima in each month and the other category
are 5 international disturbed days that shows the extent of
magnetic disturbance in each month. The monthly mean are
obtained by averaging all the quiet and disturbed days under
a particular month for both elements. The seasonal variation
is grouped into three seasons in accordance to Llyord with
equinoctial season comprising of (March, April, September
and October), June solstice (May, June, July and August),
December solstice (November, December, January and
February). Each season is deduced by taking average of all
monthly mean values of each hour under a particular season
for both elements (H and Z) during quiet and disturbed

periods.

III. RESULTS AND DISCUSSION

A. Diurnal variations of solar quiet (Sq) and solar
disturbed (Sd)

Figures. 1-4 illustrate the diurnal variations of solar quiet
daily variation, Sq, and solar disturbance daily variation Sd
of the horizontal, H, and vertical, Z, component during quiet
and disturbed periods. It is obvious from Figure. 1a and 1b
that SqH exhibit day-to-day variability which is large
particularly during the equinoctial months (March, April,
September and October). The Figure also demonstrates the
presence of night-time (19:00-05:00) LT hrs magnitudes
with highest value (~20 nT) around 19:00 LT hrs in April
2011. It maintained this maximum value (~20 nT) through
2012 but shifted to February. The night-time magnitudes
dropped to 15 nT around 19:00 LT in June 2013. These
night-time SgH magnitudes demonstrates ionospheric
conductivity is not completely zero but exhibit some
substantial amount of current do flow. Besides these night-
time magnitudes SqH are possessed by consistent minimum
pre-sunrise (06:00-07:00) LT hrs positives magnitudes with
maximum value (~39 nT) in May 2011. In 2012, the
magnitude had decreased to ~35 nT seen in June. With
increase in solar activity, these magnitudes were observed to
further drop to ~30 nT as depicted in June 2013. The day-
time SqH magnitudes were observed to vary and reached
their peak values differently from one day to another. For
example, SqH daytime maximum amplitudes fluctuate
between ~40 and 155 nT in May and April 2011. In 2012, it
oscillates in the range between ~45 and 160 nT seen in
November and September. In 2013, the amplitudes had not
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changed much it ranged between ~50 and 162 nT also seen
in November and September.

160 LS — [ S— T LI S T T U T T

SgH / MSgH (nT)

4 8 12 16 20 24 4 8 12 16 20 0 4 8 12 16 2
LT (Hrs)

Figure la. Diurnal variations of SqH during quiet days from
January to June.

From all the graphs, it can be seen that, SqH continue to rise
steeply during the sunrise (06:00-07:00) LT to reach its
peak values mostly around (11:00-12:00) LT. This feature is
in accordance to the day-to-day variation pattern of Sq
earlier reported by several researchers’ e.g., [2, 8, 9, 12].
The decrease in SqH was rather gentle and reaches its base
level mostly at sunset. Apart from these maxima, SqH are
characterized by minimum depression lasting for 2-3 LT hrs
particularly during the pre-sunrise and the pre-sunset hours.
The minimum depression occasionally have values below
the night-time baseline values indicated by a horizontal
black line and are known as counter equatorial electrojet
(CEJ), [13]. These minimum SqH below the baseline are
consequences of the reversal of the eastward current during
the daytime [3, 5, 6].

SqH / MSgH (nT)

4 8 12 16 20 0 4 8 12 16 20 0

LT (Hrs)

Figure 1b. As in Figure 1% but for July to December.
http://www.lajpe.org
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During CEJ events, the magnitudes of the westward current
in SqH were observed to be highest (~-21 nT) around 17:00
hrs LT in June 2011. The negative amplitude increase to
~ —32 nT around 07:00 hrs LT in May 2012 with further
increase in 2013 to ~-33 nT around 15:00 LT hrs seen in
January. The CEJ events were observed to be more frequent
during the summer months (May, June, July and August).
Figure 2a and 2b shows the variations of the vertical Z-
component during quiet days SqZ. The variability of SqZ
also shows the presence of night-time (19:00-05:00) LT hrs
magnitudes that are generally low with highest value (~25
nT) seen in July 2011. The night-time magnitude is
observed to decrease to ~20 nT in August 2012. Year 2013
is not exception to these night-time magnitudes with
maximum value (~15 nT) recorded in July. The day-time
variability of SgZ shows highest value (~60 nT) in
November 2011 and later dropped to ~59 nT in March
2012. The highest day-time SqZ magnitudes (70 nT) was
observed in September 2013.

T 3 T T

(200t

4 8 12 16 20 0 4

12 16 2

[ [ [ [

8 L‘Ilﬁ-vs)lﬁ 20 0 4 8
Figure 2a. Diurnal variations of SqZ during quiet days from
January to June.

Generally, SqZ shows daytime variation pattern similar to
SqH for it rises at sunrise (0:600-07:00) LT hrs, reached its
peak mostly around noon (10:00-12:00) LT hrs and decrease
afterwards. Similar variations have earlier been reported by
[3, 4, 8]. These day-time positive magnitudes of SqZ are in
accordance to chapman's model of a typical station on the
southern edge of the magnetic equator. The enhanced
positive variation of SqZ are seen to continuously reduced
in the months of May, June, July, August and September
2011. Similar scenario are also seen in the months of May,
June, July and August 2012 and 2013. These reduced SqZ
amplitudes were observed to be in the negative range
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around (10:00-12:00) LT in the months of August and
September 2011.
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Figure 2b. Diurnal variations of SqZ during quiet days from July
to December.

The continuous reduction of daytime SqZ magnitude is an
evidence of gradual weakening of direct ionospheric sheet
current due to low solar intensity and the slowly effect of
induced current from the Earth surface which become
stronger in August and September 2011 resulting to
practical cancellation of the direct ionospheric sheet current
[14]. Similar negative amplitude of SqZ has been earlier
reported by [16] and attributed it to induced current from the
solid Earth surface. Hence, we infer that the solar daily
variation of SqZ over the Malaysia is not just the effect of
direct ionospheric current but a combined effect of the
eastward ionospheric current in the E-region of the
ionosphere and the induced current from the solid Earth
surface. Irrespective of the day, the variability of SqH are
generally seen to be larger than those of SqZ. Their greater
magnitudes are direct effect of ionospheric current system.
Figure. 3a and 3b shows the behavior of H-fiel during
disturbed period (SdH). As can be observed, SdH are
possessed by night-time magnitudes with highest amplitude
value ~110 nT in September 2011 and decreased to ~90 nT
in February 2012 and ~70 nT in December 2013. The SdH
is also observed to increase sluggishly at sunrise to peak
values around (10:00-14:00) LT and decreases slowly even
after dusk, indication of likely modification of the normal
eastward current during day-time hours over the Malaysian
sector [8].
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£ 8L B0 4 8Bl B0 48R In Figure 4 (a and b), the SdZ also shows night-time

variations  with  lower magnitudes compared to
corresponding SgZ. The maximum amplitude (15 nT) is
observed in September 2011 which decrease to ~10 nT seen
in March 2012 and January 2013. In SdZ, the highest value
(60 nT) occurred in February 2011 and dropped to 59 nT in
April 2012 with a sharp increase to about 62 nT in January
2013. During disturbed period, SdZ shows weak amplitudes
in the months of May, June, August and September across
all the years. These weaker amplitudes were further
observed to be negative particularly in the months of August
2011, June and July 2012 with similar occurrence in July
2013. We infer that these weaker amplitudes are direct
consequences of induced current from the solid Earth in
combine effect with the disturbed external currents.

Figure 3a. Diurnal variations of SdH during disturbed days
from January to June.

From Figure 3a and 3b, the daytime SdH magnitude attained
highest value (259 nT) in September 2011 and dropped to
220 nT in November 2012. These amplitudes were observed
to increase to 260 nT in March 2013. Some of the day-time
diurnal amplitudes of SdH were observed to be very low
which are more noticeable in the months of June and
September 2011 with similar occurrence in January,
February, March, April, September and November 2012.
Year 2013 is not exception to these reduced magnitudes,
seen in January, March, May, June August, October and

December. These lower values of SdH with negative range o
during day-time arise from stronger influence of westward sop o 2 w
current over the EEJ zone. ar 4

Figure 3a and 3b shows prominent westward current [ I S S S S S S S S S S
during the pre-sunrise and (06:00-07:00) LT and pre-sunset k- i
to nighttime (14:00-18:00) LT hours. The magnitudes of the zgﬁ Y &
westward current in SdH reaches highest value -100 nT rgg — — —
around 21:00 LT in March 2011 and decreased to -90 nT £
also in June 2012. In 2013, the amplitude had decreased to - gzgw& A ﬁ
80 nT still in June. These negative amplitudes of SdH are § w—
stronger evidences of the westward disturbance equatorial 3 er
current effect [4, 6, 8]. Generally, the day-time magnitudes @ _23Gm A VN
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Figure 4a. Diurnal variation of SdZ during disturbed days from
January to June.

Lat. Am. J. Phys. Educ. Vol. 19, No. 4, Dec., 2025 3405-5 http://www.lajpe.org



Mustapha Abbas et al.
IV. MONTHLY DIURNAL VARIATIONS

From Figure l1a and 1b, the monthly diurnal variations of
MSgH which are represented by thick black curve shows a
smooth appearance that start to build up during the sunrise
(06:00-07:00) LT hrs with peak values mostly around noon
(11:00-12:00) LT hrs and decay afterwards. The range in
day-time MSgH magnitudes were observed to vary from
one month to another. For example, the range in daytime
MSqgH Magnitudes in 2011 were found to be between 75
and 125 nT seen in July and October. In 2012, the
amplitudes had increased to a range between 70 and 125 nT
in December and September. In 2013, the amplitudes
oscillate between 78 and 135 nT in January and October.

From Figure. 2a and 2b, the MSgZ denoted by thick
black curve, shows positive variation that start to build-up
around (06:00-07:00) LT hrs. Exception to these early
ionizations are the months of July, August and September
seen at 08:00 hrs LT. These months exhibit MSqZ
variations with broad phase which extend towards the night-
time. Similar features are observed for the months of May,
June, July and August in 2012 and 2013 respectively. This
characteristics is not common and may be due to combine
effect of ionospheric current sheet and induced current from
the Earth surface in the presence of weak thermal heating of
the upper atmosphere around these periods [15]. The
daytime MSqgZ magnitudes fluctuate between the range 17
and 44 nT visible in August and March 2011. It oscillates
between 25 and 39 nT seen in November and December
2012. It stayed on this minimum range through 2013 but
shifted to July while it maximum value (42 nT) is recorded
in September. In Figure 3 (a and b), MSdH amplitudes
ranged between 76 and 166 nT in June and September 2011
and further fluctuate in the range between 81 and 164 nT
seen in December and March 2012. In 2013, the amplitudes
oscillate between 81 and 145 nT in June and March. The
salient feature to note here is the linear decrease in the
maximum range of MSdH with solar activity, indication of
slowly build-up of westward current over the equatorial
region. The day-time MSdH variability were observed to
reach their peak values mostly around (10:00-11:00) LT hrs
in 2011. These peak shifted to around (12:00-14:00) LT hrs
in 2012 and 2013 suggesting changes in the electric field
during disturbed period. From Figure 4a and 4b, MSdz
amplitudes ranged between 17 and 45 nT in June and
November 2011. In 2012, the amplitudes are seen in the
range between ~19 and 38 nT in July and November and
decreases in 2013 to a range between ~11 and 37 nT
obvious in June and November. They show maximum
amplitudes mostly around (11:00-14:00) LT hrs. Our results
show that MSdH and MSdZ exhibit weak amplitudes values
in the winter months (May. June, July and August) with
highest values in the other months. Generally, the variability
of MSqH and MSdH for any of the months through the years
is greater than their corresponding MSgZ and MSdzZ
Variations. Their great magnitudes are attributed to stronger
ionospheric current effect to which H-component is more
susceptible.
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V. SEASONAL VARIATIONS OF Sd AND Sq

Figure 5 shows that the day-to-day variability of Sq and Sd
exhibit significant seasonal variations for both quiet and
disturbed conditions. The black, red and blue curves
represent December solstice, equinox season and June
solstice during quiet periods while their corresponding dash
line with asterisks depict their disturbed variations.

——DECSOLS
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Figure 5. seasonal variations of SqH, SdH, SqZ and SqH.

It is readily seen that seasonal variations shows systematic
increase for both elements (H and Z). For example,
regardless of the year the seasonal variations of H-field,
SSqH increased linearly from ~80, 80 and 120 nT In June
solstice, December solstice and equinox season in 2011 to
peak amplitudes values ~90, 100 and 130 nT seen in 2013,
indication of possible influence of solar activity on the
seasonal variations. Similar equinoctial maxima have earlier
been reported by [3, 14, 16, 17]. Thus greater SSqH
magnitude at the equinoctial season may likely be due to the
fact that the sun is directly towards the equator around this
season and thus increase the ionospheric conductivit that
resulted to higher MSqH magnitudes around these periods.
Similar behavior is observed in SSqZ with peak values ~20,
32 and 33 nT in June solstice, December solstice and
equinoctial season in the year 2011. These magnitudes were
observed to increase ~28, 33 and 37 nT in 2013.

Our seasonal variations show lower values in solstices
and higher values in equinoctial season resulting to semi-
annual variations pattern. [18] reported semi-annual
variation in equatorial electrojet to be due to a decrease at
the solstices rather than increase at the equinoxes. [5, 19],
Suggested variability of equatorial electrojet current (EEJ)
on the horizontal component of the Earth magnetic field
could be responsible for the observed semi-annual variation
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of SqH. During disturbed period, SSdH does not show any
linear increment with increase in solar activity but rather a
decrease was observed particularly in the equinox season
from 138 nT observed in 2011 to 133 and 128 nT in 2012
and 2013 respectively. This linear decrease in SSdH with
solar activity at the equinoctial season is evidence of
weakening of disturbance effect with solar activity. Similar
decrease is also seen in SSdZ during December solstice
from 38 nT in 2011 to 29 and 30 nT in 2012 and 2013. The
June solstice for both SSAH and SSdZ shows peaks values
that are lesser than those of equinox and December solstice.
The overall seasonal variation shows peak values around
(11:00-12:00) LT hrs, with greater magnitudes during
magnetically disturbed period than their counterpart quiet
periods. Their greater magnitudes may likely be that extra
energy is imputed in the eastward direction mainly during
daytime.

A. Yearly mean solar daily variations

Figure. 6 shows the average yearly mean daily variations for
the two elements (H and Z) for both quiet and disturbed
conditions. The annual mean (ASqH) of SqH is represented
by red dash line and their disturbed variation (ASdH) is
denoted in red dash line with asterisks. Similarly, the black
curve represent the annual mean solar variation of SqZ
(ASqZ) while their disturbed variation (ASdZ) are
represented by black dash line with asterisks. For both
conditions, the increase in ASqH and ASdH occurred before
05:00 LT hrs LT with pronounced magnitudes in ASdH
particularly in the year 2012 and 2013. These magnitudes
(few nT) in ASdH were observed to subside with incoming
solar radiation around (05:00-06:00) LT and further increase
immediately during the sunrise (06:00-07:00) LT hrs period,
indication of different mechanism responsible for their
source. The pronounced magnitudes in ASdH before pre-
sunrise are evidences of current effect outside ionospheric
influence.
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Figure 6. Yearly average solar daily variations of Sq and
Sd.

The variations of ASqH were observed to increase linearly
with solar activity to reach peak values 92, 98 and 103 nT in
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2011, 2012 and 2013. ASdH shows similar increment with
peak values 110,115 and 117 nT seen in 2011, 2012 and
2013 respectively. The decrease in ASqH and ASdH with
increasing solar activity can be likend to the effect of solar
activity on the ionospheric ductovity, [20]. The variability
of ASqH and ASdH were observed to reach their peak
values at 11:00 hrs LT. Another feature to note here is that
the annual mean solar variation during disturbed period
(ASdH) exhibit significantly larger values compared with
the corresponding values for quiet periods over the
Malaysian ionosphere. Our findings are in contrast to the
Indian and American observation by [4] that found greater
magnitudes of annual mean solar variation during quiet
days relative to the disturbed period. The increase in ASdH
in our result may likely be due to modification of the normal
eastward current or arises from the increase in strength and
width of the equatorial electrojet current intensity during
magnetically disturbed period. Also from Figure 6, the
ASQZ shows variation pattern similar to ASgH, it steeply
increase to peak amplitude values 28, 30 and 32 nT in 2011,
2012 and 2013. During disturbed period, ASdZ attained
maximum value 30, 26 and 27 nT in 2011, 2012 and 2013.
This non-linear increment in ASdZ might likely result from
the combined effect of the disturbed ionospheric current in
the E-region of the ionosphere and induced current from the
Earth surface. Beside these maxima, the ASdH are
characterized by depression that fluctuate in the range
between -1 and -5 nT in 2011 and 2012 around 18:00 hrs LT
indication of westward current around these periods. The
vertical component readily respond to these westward
current with lesser magnitudes compared to the ones in
ASdH.

VI. CONCLUSIONS

1. The daytime SqH magnitudes increases from 45 nT in
September 2011 to 162 nT in september 2013 and the SdH
sluggihsly increased from 259 nT in September 2011 to
about 261 nT in March 2013. Irrespective if the day, the
variability of SqH and SdH are generally obaserved to be
larger than those of the SqZ and SdZ and the SdH are about
twice or more greater than the SqH magnitudes.

2. Evidence of counter-equatorial electrojet (CEJ) and
westward current are eminent in SqH and SdH magnitudes
indication of the reversal of the eastward current and the
dominant effect of the disturbance dynamo processes.

3. The SdH sluggisly increase at sunrise to reach their
peaks values around (10:00-14:00) LT hrs and slowly
deacreases even after dusk, indication of posible
modification of the current system.

4. The negative SdH magnitudes are stronger evidence of
the westward disturbed equatorial current effect.

5. Both the SqZ and SdZ depict night-time variations and
their daytime magnitudes does not show any apreciable
differences.

6. The SqH and SqZ demonstrate the presence of night-
time to pre-sunrise magnitudes that decreases with solar
activity
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7. The sluggish increase in SdH at sunrise to peak values
mostly around (10:00-14:00 LT) and the gradual decrease
even after dusk are evidences of likely modification of the
normal eastward current during perturbed conditions over
the Malaysian sector

8. We infer that the solar daily variations of SqZ over the
Malaysian region is not just the effect of direct ionospheric
current but a combined effect of the eastward current from
the E-region and the induced current from the solid Earth.

9. During disturbed period, the seasonal SSqH and SSdH
dose not show any linear increment with increase in solar
activity, rather a decrease was observed especially during
the equinox season.

10. The anual increase of ASqH and AsdH with solar
activity can be likened to the effect of solar activity on the
ionospheric conductivity.
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Resumen

Se muestran los resultados obtenidos con los estudiantes del Curso de Cromatografia, aplicandose la teoria recibida en clase
en el andlisis por Cromatografia Plana (CP) de dos colorantes: pirocatecol y eosina, sobre una placa cromatografica
recubierta con silicagel, donde la composicion de la Fase Mévil (FM) empleada fue: (Etanol: agua) (90:10) obteniéndose Rfs
de: 0,30 para el Pirocatecol y 0,80 para la eosina, contribuyendo asi a formar una personalidad integral, desarrollada a través
de clases tedricas donde se combina de forma simultanea, la teoria estudiada con la practica del laboratorio, creando habitos
y capacidades relacionados con la constancia en el estudio, el trabajo cientifico, una actitud critica ante el resultado de su
trabajo y la presentacion del mismo, fruto de una actividad independiente y correctamente organizada, demostrandose la
visién innovadora de la asignatura Cromatografia Plana dentro del proceso de aprendizaje en los planes de estudios
universitarios y de postgrado.

Palabras clave: Cromatografia Plana, Fase Movil.

Abstract

The results obtained with the students of the Chromatography Course are shown, applying the theory received in class in
the analysis by Planar Chromatography (PC) of two dyes: pyrocatechol and eosin, on a chromatographic plate coated with
silica gel, where the composition of the Mobile Phase (MP) used was: (Ethanol: water) (90:10) obtaining Rfs of: 0.30 for
Pyrocatechol and 0.80 for eosin, thus contributing to the formation of an integral personality, developed through
theoretical classes where the theory studied is combined simultaneously with laboratory practice, creating habits and
capabilities related to perseverance in the study, scientific work, a critical attitude towards the result of their work and the
presentation of the same, fruit of an independent and correctly organized activity, demonstrating the innovative vision of
the subject Planar Chromatography within the learning process in university and postgraduate courses.

Key words: Planar Chromatography, Mobile Phase.

I. INTRODUCCION una columna o extendida en forma de capa uniforme sobre un
soporte. La Fase MAvil puede ser gaseosa o liquida.

Los procesos cromatograficos en la Cromatografia Plana (CP) Dentro del plan de clases de la asignatura se encuentra el

tienen lugar como resultado de un proceso fisico, de repetidas desarrollo del Laboratorio, donde entre sus contenidos esta la

atracciones y repulsiones por interacciones de caracter preparacion de los medios y las aplicaciones en Cromatografia

electrostatico entre moléculas, durante el cual se producen de Capa Delgada y de papel.

adsorciones y desorciones durante el movimiento de los
componentes de la muestra a lo largo del lecho estacionario,
alcanzandose la separacion gracias a las diferencias en los )
coeficientes de distribucion de los analitos. Il. MATERIALES Y METODOS

El término lecho estacionario se aplica en general para
denominar cualquiera de las diferentes formas en que puede
usarse la fase estacionaria, que puede estar empaquetada en

Para realizar el laboratorio de Cromatografia Plana (CP) se
dispone de un aula climatizada, acondicionada con los medios
necesarios para efectuar el ensayo de Cromatografia de Capa

Lat. Am. J. Phys. Educ. Vol. 19, No. 4, Dec., 2025 4307-1 http://www.lajpe.org



Luis. E. Jiménez Rodriguez et al

Delgada (CCD) y de Papel. Ademas, el aula estd provista de
video beam, pizarra con plumones de varios colores para
escribir en pizarra acrilica. Los recursos adicionales para la
actividad innovadora son: cdmara cromatografica para la CCD,
camara cromatogréafica para la Cromatografia de Papel, placas
previamente activadas y recubiertas con silicagel G, mezclas de
colorantes (eosina y pirocatecol), papel de filtro, etanol clase A
y agua destilada.

I11. RESULTADOS

En los ensayos realizados para el andlisis por Cromatografia
Plana (CP) de dos colorantes: pirocatecol y eosina, sobre una
placa cromatografica recubierta con silicagel, la composicion
de la FM empleada fue: (Etanol: agua) (90:10) obteniéndose
Rfs de: 0,30 para el Pirocatecol y 0,80 para la eosina. Para
mejorar la separacion de los colorantes pirocatecol y eosina
en un analisis por CP, se consideran varias estrategias,
principalmente modificar la composicion de la fase mdvil
(FM), recomendandose las siguientes acciones:

» Ajustar la polaridad. La fase mdvil actual es etanol: agua
(90:10), es relativamente polar, por lo que si los Rf estan
muy cercanos (por ejemplo: 0,30 y 0,80), primero se
prueba con una mezcla de polaridad intermedia.

» Al disminuir la polaridad, aumentando la proporcién de
etanol, por ejemplo: 95:5, se reduce la polaridad de la
fase movil logrdndose aumentar el Rf del pirocatecol
(menos polar) y disminuir el Rf de la eosina (mas polar).

» Al aumentar la polaridad, disminuyendo la proporcién de
etanol, por ejemplo: 80:20, se incrementa la polaridad de
la fase movil, disminuye el Rf del pirocatecol y aumenta
el Rf de la eosina.

» Otro factor importante para una mejor separacion es la
activacion de la placa, para garantizar que la placa esté
correctamente activada, secada en horno antes de su uso
a 105°C durante 1 hora, dejando luego a temperatura
ambiente en una de desecadora con sulfato de sodio
como descante para para lograr una buena separacion.

» Para la aplicacion de la muestra en la placa se utiliza un
capilar o una micropipeta.

» Posteriormente, para el desarrollo de la placa se sumerge
la misma en el sistema de solventes elegido (FM)
dejando que el solvente migre a traves de la Silica gel
para separar los componentes de la muestra.

» La humedad ambiental puede afectar la actividad de la
Silica gel, por lo que es importante trabajar en un
ambiente lo mas seco posible.

» El tiempo de activacion puede variar dependiendo de la
humedad ambiental y la calidad de la Silica gel.

De acuerdo a lo anterior, puede asegurarse que la placa
cromatografica de Silica gel estd adecuadamente activada y
lista para proporcionar resultados confiables en los
experimentos de CCD. Los alumnos realizan las aplicaciones
de forma individual tanto en la cromatografia de papel como
en la de capa delgada, asi como el proceso de separacion en
las cdmaras cromatogréficas, para posteriormente efectuar las
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mediciones individuales aplicando la férmula para el calculo
de los Rf en cromatografia Plana donde se considera que el Rf
(Retention factor) que es un valor adimensional calcula
experimentalmente.

Rf = Distancia recorrida por la mancha /Distancia recorrida
por el frente del solvente.

Donde se sefiala a los estudiantes lo siguiente:

— Un valor de Rf cercano a 0 indica que la mancha esta muy
cerca del punto de aplicacion (poco movimiento).

— Un valor de Rf cercano a 1 indica que la mancha estd muy
cerca del frente del solvente (maximo movimiento).

FIGURA 1. Se muestra una imagen de la clase con las corridas
cromatogréaficas de placas y de papel realizadas por los alumnos.

IV. CONCLUSIONES

1. Se demuestra que los alumnos pueden realizar las
aplicaciones individualmente tanto en la Cromatografia
de Papel como en la de Capa Delgada, asi demostrado
durante el proceso de separacion en las camaras
cromatograficas, logrando posteriormente efectuar las
mediciones individuales, aplicando la férmula para el
calculo de los Rf en Cromatografia Plana (Capa
Delgada y Papel) a través del Rf (Retention factor),
demostrandose la visidn innovadora de la asignatura
Cromatografia Plana dentro del proceso de aprendizaje
en los planes de estudios universitarios y de postgrado.

2. Los estudiantes reafirman asi los conocimientos
adquiridos al demostrar el cumplimiento de las leyes
fisicas de atraccién-repulsidn electrostatica durante el
proceso de separacion de los diferentes analitos.

V. RECOMENDACIONES

Se sugiere aplicar esta experiencia de forma sistematica en
ésta y en otras asignaturas donde sea factible simultanear la
actividad docente puramente teérica con la préactica del
laboratorio, a fin de asentar los conocimientos motivando en
los estudiantes a continuar profundizando en los mismos con
vistas a su desenvolvimiento futuro en tareas afines.
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Abstract

Special functions play a fundamental role in physics and engineering. In this work, we employ Legendre
functions to analyze Feynman’s disk paradox and demonstrate their utility in classical electrodynamics. The
paradox concerns a non-conducting ring carrying a uniform charge distribution, placed in an external
magnetic field. As the magnetic field is gradually reduced, the ring begins to rotate, seemingly violating
angular momentum conservation. We show, however, that the electromagnetic field itself carries angular
momentum. When the ring is stationary, this angular momentum is stored in the field; as the magnetic field
decreases, it is transferred to the ring, ensuring that total angular momentum is conserved. This analysis not
only resolves the paradox but also highlights the pedagogical and computational value of Legendre functions
in electrodynamics

Keywords: Legendre Functions, Feynman's Disk Paradox, Electromagnetic angular momentum.

Resumen

Las funciones especiales desempefian un papel fundamental en la fisica y la ingenieria. En este trabajo, empleamos
funciones de Legendre para analizar la paradoja del disco de Feynman y demostrar su utilidad en la electrodindmica
cléasica. La paradoja se refiere a un anillo no conductor con una distribucion de carga uniforme, situado en un campo
magnético externo. A medida que el campo magnético se reduce gradualmente, el anillo comienza a girar,
aparentemente violando la conservacion del momento angular. Sin embargo, demostramos que el propio campo
electromagnético posee momento angular. Cuando el anillo esta estacionario, este momento angular se almacena en el
campo; a medida que el campo magnético disminuye, se transfiere al anillo, garantizando la conservacion del momento
angular total. Este analisis no solo resuelve la paradoja, sino que también destaca el valor pedagdgico y computacional
de las funciones de Legendre en electrodindmica.

Palabras clave: Funciones de Legendre, Paradoja del Disco de Feynman, Momento angular electromagnético.

I. INTRODUCTION

Several methods have been proposed to resolve Feynman’s
disk paradox. Ma and Chiang [1] calculated the angular
momentum stored in the electromagnetic field using direct
integration. Torres del Castillo [2] argued that conservation
can be established by a careful definition of angular
momentum without explicit field calculations. Pantazis and
Perivolaropoulos [3] considered a more realistic system with
finite solenoid and charged cylinder. In contrast, the present
work employs a Legendre polynomial expansion of the
potential, which provides a systematic and symmetry-based
approach.

The system studied in this work consists of a uniformly
charged insulating ring of radius R placed in the x-y plane,
which generates an electric field, together with a point
magnetic dipole located in the same plane, providing the
magnetic field. As the magnetic field is gradually reduced, the
ring begins to rotate, which at first seems to challenge
conservation of angular momentum. We show that the

Lat. Am. J. Phys. Educ. Vol. 19, No. 4, Dec., 2025

electromagnetic field itself carries angular momentum, which
is transferred to the ring as the field decreases, ensuring total
angular momentum is conserved [4].

Il. ELECTRIC POTENTIAL OF THE CHARGED
RING

We consider the charged ring of total charge Q located in the
x-y plane. The electric potential at a point 7 is given by [5]:

1 d
OF) = — [ o (1)
dmey ) |7 — 7|

where €, denotes the vacuum permittivity (8.85 x 10712 F/

m).
We use the Legendre polynomial expansions [6]:

http://fwww.lajpe.org
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ZPl(cosy) T r>7r
1
s 2
P (2)
ZPl(cosy)ﬁ , r<r’
rl
1=0

where P; are the Legendre polynomials and y is the angle
between 7 and 7*'.

The addition theorem for spherical harmonics [6] allows
us to expand the Legendre polynomials:

Z Vim(0,0)Vin (0,00, (3)

m=-1

Pi(cosy) = 21+1

where Y, ,,, are the spherical harmonics and the star denotes
complex conjugation.

A. Electric Potential Outside the Charged Ring (r > r’)

We substitute Eq. (2) into the potential integral (Eq. (1)); then,
by applying the addition theorem for spherical harmonics
(Eq.(3)) and using dq = Adl = ARd¢' and 6’ = g (since the
ring lies in the x-y plane), we have:

o l
4-1'[60 ZO Z

Note that, during the integration, all terms vanish for all m #
0, so only m = 0 contributes. Consequently, the sum over m
is removed.

For points outside the ring (r > R), by integrating over the
ring, we obtain:

2’
.
=Yim(6,0)Yin (6, ¢) o ARy’ . (4)

Q N R
® = MEOZ ——P(cosO)P,(0). T>R (5
=0

It can be seen that, because the integration is carried out from
Oto 2w, r' =R.

B. Electric Potential Inside the Charged Ring (r < r’)
For points inside the charged ring (r < R) we use the
expansion from (2), substitute it into the potential integral,

apply the addition theorem for spherical harmonics, and use
dq = Adl = ARd¢' ; then we have:

o l
4-7'[60 Zo Z

by integrating over ¢'from 0 to 2r as in the previous section,
and using r’ = R , we obtain:

l
r
Yl,m (0, (p)yljﬂm(gl' (P’) mle(P’: (6)
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Z e  P(cosOP(0) . r<R %)

41‘[6

III. ELECTRIC FIELD OF THE CHARGED RING

The electric field is obtained from the electric potential using

[5]
E=-Vb=—7p—-—080, (8)

where the ¢ component vanishes due to azimuthal symmetry.
Using the results of Egs. (5) and (7), we find the following
components:

Q U+ DR
47'[60 £ rl+2 Pl(COS H)PI(O); r>R
e ) ©
" 4re, Z RI+1 PZ(COS 0)pP0), r<R

(_Q

Amegr ri+t
=0

e rz e Pl (cos 0) Pi(0),

where P, and P! are the Legendre polynomials and
associated Legendre functions, respectively.

Thus, the electric field of the charged ring is expressed
analytically in terms of Legendre functions, valid for both
the inside and outside regions.

P, (cos ) P,(0), r>R

|
<
Il

(10)
<R

<

IV. MAGNETIC FIELD OF THE DIPOLE

The system consists of a charged ring in the x-y plane, and a
point magnetic dipole located at its center. The dipole is
assumed to be sufficiently small compared to the ring, so that
the magnetic dipole approximation is valid. Its magnetic
moment is aligned along the z axis (& = u?2).

In spherical coordinates, the unit vector along z is Z =
cos A # — sin @ 8 [5], hence:

fi =u(cos@# —sind ). (11)

We use the standard expression for a magnetic dipole [5]:

B = 12
4 r3 (12)

Ho [ fi + 3(i. r)]
where u, denotes the vacuum permeability (47 x 107 H/
m).

By substituting Eq. (11) into (12), the resulting magnetic
field is [4]:

BE=

2cos@t +sinf b
Holt ] . (13)

s r3
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V.ANGULAR MOMENTUM OF THE ELECTRO-
MAGNETIC FIELD

The electromagnetic momentum density is [5]:
P, =¢€,E XE, (14)

and the corresponding angular-momentum density is [5]:

X
o

L,= (15)

For the present geometry (the charged ring in the x-y plane
and a point magnetic dipole at the ring center according to Eq.
(11)), the electric and magnetic fields are azimuthally
symmetric and have no ¢ components. Consequently, only
the ¢ component of 13; is nonzero:

B, = €,(E,By — EgB,)¢ , (16)
hence,

L,=-rP,0 = re,(EgB, — E,By)8.. a7

We write 8 in Cartesian components and integrate over ¢
from 0 to 2m, it shows that the components of the angular
momentum is zero in x and y direction, therefore the total field

angular momentum L, = ¢, [ (F x (E x E))z points along
z, which is represented as follows:

0 s
e, f F3dr f (E.By — EgB,)sin?0 do.  (18)
0 0

We split the radial radial integral into the inner region (0 <
r < R) and the outer region (r > R):

L,=19+1, (19)

where,

R ™
L = 27e, f r3drf(Eng — EyB,)sin?6 do, (20)
0 0
P ™
12 = Zneof r3drf(Eng — E¢B,)sin%6 dé. 21
R 0

A. The inner contribution of the angular momentum

The inner contribution of the angular momentum L(Z<) is
evaluated by defining:

R b4
= fr3drfEngsin20 do, (22)
0 0
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b‘
o\x

s
r3drngBrsin29 do , (23)
0

Hence L(<) = 2meg(a —b). We substitute electric and
magnetic fleId components from Egs. (9), (10), and (13) into
Egs. (22) and (23) and we have

© R T

f drri-t f P,(cos8) sin®6 db, (24)

=0 0 0

2Quop X0 Pi(0) f "

~ e, 2, R fPl(cos 0) cos 6 sin?6 d6 , (25)

then we evaluate the angular integrals using the orthogonality
relations for Legendre polynomials and associated Legendre
functions (Egs. (26) and (27)) [6]:

T

fpn(COS B)Pm(COS 9) sinfdf = szn,m, (26)
0
[ 2 (I+m)
+m
m m —_ ,
fPl (cos )P} (cos ) sin6 db = T = m)'(S” . 27)

0

It should be emphasized that in Eq. (24),onlyl =0and [ =
2 terms survive the angular integral and in Eq.(25) only | =
2 terms survives.

After that, we perform the radial integrals and we have:

_ 2p0Qu

4T T15(m)%,R " (28)
_ 61 Qu

b= 15(4m)%eoR (29)

note that in Eq.(24), the radial integral is zero for [ = 0 and
therefore we only used [ = 2 for the result.
By substituting Egs.(28) and (29) into Eq.(20) we have:

L(<) _ iMoQM

z 15 4mR (30)

B. The outer contribution of the angular momentum

Similarly, the outer contribution LS is obtained by defining:

(o)
c=fr3dr
R

oo T
d= f r3drf EgB,sin’0d@ , (32)
R 0

E,Bysin?0 do, (31)

OS:\
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therefore L(Z>) = 2mey(c — d). By substituting electric and
magnetic field components from Egs. (9), (10), and (13) into
Egs.(31) and (32) we have:

oo o T
d
c= (f:)ozlz Z(l + 1)R'P,(0) f rl%f P,(cosB) sin36 d6 , (33)
010 R 0
2Quolt < (dr [ .
=— P,(0)R! f —f P}(cos8) cos B sin?0do , (34)
2 l 1+2 1
(4m)2%¢, L J r ;

by evaluating the integrals in Egs. (33) and (34), similar to the
previous subsection, we obtain:

22
o= 22Quop , (35)
15(4m)%€yR
4Quou

d=——22%
15(4m)2e,R

(36)

by substituting Egs. (35) and (36) into (21) we have:

) _ 13pQu

Z 715 4nR - (7

C. The total angular momentum

By adding L$® from Eq. (30) and L from Eq. (37), we can
have the total angular momentum of the electromagnetic field:

_ 2 pmoQu  131Qu _ poQu
15 4nR 15 4nR 4R

L, (38)

VI. MECHANICAL ANGULAR MOMENTUM OF
THE CHARGED RING

In this section, we reduce the magnetic dipole moment and,
consequently, the magnetic field, and evaluate the mechanical
angular momentum transferred to the charged ring as the
magnetic field vanishes. To this end, we first calculate the
magnetic flux passing through the ring. By using Faraday’s
law of induction, we obtain the induced electric field due to
the time-varying magnetic field. This induced field produces
a torque on the charged ring, from which the transferred
mechanical angular momentum is determined.

A. Magnetic Flux Through the Ring

The magnetic flux through the ring is expressed as [5]:
R
d)B:fﬁ.d,cY:fBsz:zﬂfBzrdr . (39)
0

Here, dA is the surface element of the ring. Since the ring lies
in the x-y plane, the normal vector is along the z axis. From
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the spherical representation of the dipole magnetic field (Eq.
(13)), the z component is given by [4]:

Hol
5 (3cos?0 - 1) , (40)

B, = cosfOB, —sinfBy = yp—

using the Legendre polynomial relation P,(cosf) =
%(SCOSZH — 1) [6], Eg. (40) can be written as:

P, (cosB
g = Mokt Py(cos6)

27 2 13 (41)
Since the ring lies in the plane 6 = g we have P,(0) = —%.
Substituting into Eqg. (39) yields:
R
by = —% f g . (42)

0

The integral in Eq. (43) diverges as r — 0, which is the
consequence of approximating the source as a point dipole
located at the origin. To overcome this difficulty, we note that
the total magnetic flux of a dipole through an infinite plane is
zero. Thus, the flux through the inner region can be obtained
as the negative of the flux through the exterior region [4]:

oo R
f B, 2nr)dr = — f B, 2mr)dr, (43)
R 0

evaluating the left-hand side gives by substituting B, from Eq.
(41) by using 8 = =

2

[ee]

_ _ Mot
fBZ Qnar)dr = TR (44)
R

Therefore, the magnetic flux through the ring is:

_ tot

Oy = (45)

B. Mechanical Angular Momentum of the Ring

The reduction of the magnetic dipole moment induces an
electric field according to Faraday’s law EQ.(46) [5],

- -> d(pB
ng.dl——W. (46)

Since the induced field is azimuthal:

d d
E,(2nr) = s S o e

S e 47
2Rdt "¢~ T amRZdr (47)

This induced field exerts a force on the charged ring [5]:
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5 o pQ du
which produces a torque as follows [5]:
PSP i HoQ du
=PXF=—=1=—-— 4
ter AR dt ' (49)

note that @ is the unit vector in the spherical coordinates [5]:
6 = cosfcospX + cosfsingy — sinh2 , (50)

since the ring is located in the x-y plane 6 = % , therefore from
Egs. (49) and (50) we have:

L k@ du
" 4nR dt

‘.]

GD

The mechanical angular momentum transferred to the ring is
obtained from [4]:

ty

> dzmech 7 _ HoQ N
T= dt = Linech = j = 47‘[Rjd z ., (52)
ti
which yields:
HoQu
Lmech,z = m . (53)

It should be noted that the reduction of the magnetic field must
occur sufficiently slowly so that the system remains within the
quasi-magnetostatic regime and radiation effects can be
neglected.

VII. CONCLUSION

In this work, we calculated the electromagnetic field
generated by a charged, non-conducting ring and a point
magnetic dipole, and from this we obtained the angular
momentum of the electromagnetic field (Eg. (38)). By
gradually reducing the magnetic dipole moment, we
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demonstrated that the charged ring starts to rotate. The
mechanical angular momentum acquired by the ring after the
dipole moment vanishes (Eq. (53)) is exactly equal to the
angular momentum of the electromagnetic field given in Eq.

(38), namely “><- = "Q”

This mdlcates that there is no inconsistency: the apparent
violation of angular momentum conservation is resolved once
the angular momentum stored in the electromagnetic field is
properly taken into account. Furthermore, when p = 0, the
magnetic field vanishes according to Eq. (13), and therefore
the electromagnetic angular momentum also becomes zero.
This confirms that the entire angular momentum is transferred
to the ring.
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Abstract

We present numerical solutions of the Lane-Emden equation for selected polytropic indices using a fourth order Rnnge-
Kutta integrator with series expansion initial conditions. The method is validated against the analytical casesn = 0 and
n = 1, then applied to the astrophysically relevant indices n = 1.5 and n = 3. The computed first zeros are §; =~ 3.654
(n=1.5)and & = 6.897 (n = 3), and the resulting density profiles show that increasing n produces more extended,
less centrally concentrated models. The n = 3 polytropic model yields a solar radius of the correct order of magnitude,
showing that even a simplified pressure—density relation can capture the essential structural scaling of real stars like the
Sun.

Keywords: Lane-Emden equation, Polytropes, Stellar structure.

Resumen
Presentamos soluciones numéricas de la ecuacion de Lane-Emden para indices politrépicos seleccionados utilizando
un integrador Rnnge-Kutta de cuarto orden con condiciones iniciales de expansion en serie. EI método se valida frente
a los casos analiticosn =0y n =1, y posteriormente se aplica a los indices astrofisicamente relevantesn=15yn=3.
Los primeros ceros calculados son &1 ~ 3,654 (n = 1,5) y & =~ 6,897 (n = 3), y los perfiles de densidad resultantes
muestran que al aumentar n se obtienen modelos mas extendidos y con menor concentracion central. EI modelo
politrépico n = 3 proporciona un radio solar del orden de magnitud correcto, lo que demuestra que incluso una relacion

presion-densidad simplificada puede capturar la escala estructural esencial de estrellas reales como el Sol.

Palabras clave: Ecuacion de Lane-Emden, Politropos, Estructura estelar.

I. INTRODUCTION

One of the most fundamental equations describing stellar
structure is the Lane-Emden equation, which characterizes
the dimensionless density profile of a spherically symmetric
star in hydrostatic equilibrium with a pressure—density
relation defined by a polytropic index [1, 2]. Hypothetical
stellar models in which the pressure depends on the density
in the form

n+1

P=Kpn, (1)

are known as polytropes, where K is a constant and n is the
polytropic index [1].

The starting point for deriving the Lane—-Emden equation
is the condition of hydrostatic equilibrium [1],

dP dM(r
G (rp

E - T_z ] (2)
together with the mass continuity equation [1],
M
o = 4nr?p), 3)
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where P is the pressure, p is the density, M(r) is the mass
enclosed within radius r, and G is the gravitational constant
(6.67 x 10711 m3.kg=1.s72).

Assuming the polytropic relation above and introducing
the dimensionless variables [1]

p = pc[Dn (™, €))
r=M"¢, 5)
where p. is the central density, D,, is the dimensionless

density, ¢ is the dimensionless independent variable, and A,,
is a characteristic length scale defined by [1]

1-n/n 1/2
- ("“)(ic—c)l . (6)

The equations of stellar structure (Egs.(2) and (3)) can be
combined to yield the Lane—Emden equation [1]:

512 (i‘ [52

d€]+D,’}=O. %)
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In this study, we numerically solve the Lane—~Emden equation
for selected values of the polytropic index n and analyze the
corresponding dimensionless density distributions D, (&).
Analytical solutions exist only for n=0,1,and 5 [1];
therefore, for other values of n, the equation must be solved
numerically. The numerical solutions are obtained using a
fourth-order Runge—Kutta method [3], and the resulting
dimensionless density ratio p/p. = D} is plotted as a
function of the dimensionless radius ¢ = r/4,. The results
illustrate how the internal density structure and stellar radius
depend on the polytropic index.

I1. NUMERICAL METHOD

This section outlines the procedure for numerically solving
the Lane—Emden equation (Eq. (7)).

In order to solve a differential equation, we need
boundary and initial conditions. For this particular equation
(Eq.(7)), the boundary conditions are given by Egs. (8) and

(9) [1]:

D,(¢,) =0, (8
where &; specifies the surface of the star,
dD,
d—f =0 at E =0. (9)

This condition is derived from the combination of Egs. (1)
and (2) at the center of the star.
Additionally, in order for p. to represent the central
density of the star, it is also necessary that [1]
D,(0)=1. (10)
As has been mentioned before, in this study, the Lane-Emden
equation was solved numerically using the fourth-order
Runge-Kutta method.

To avoid the singularity at the stellar center (¢ = 0), the
integration starts from a small, finite value &,, which is set
equal to the step size h in the numerical implementation. At
&y, the initial values of D,, and dD,,/d¢ are approximated
from the series expansion as [4]:

Dn(§) =1 —%, (11)
an _ fo
TRy (12)

These expressions ensure that the physical boundary
conditions (Egs. (9) and (10)) are satisfied to first order,
providing accurate starting values for the numerical
integration. The numerical computations were performed in
Python. The integration was carried out up to the first zero of
D, (&), with a step size of h = 0.001 to ensure numerical
stability and accuracy.
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II1. RESULS AND DISCUSSION

In this section, the numerical solutions of the Lane—Emden
equation are presented. The results forn = 0 and n = 1 are
first compared with their analytical forms to validate the
numerical method, followed by the analysis of the solutions
for n = 1.5 and n = 3, which correspond to realistic stellar
models.

A. Code verification

Before applying the numerical method to the cases that
cannot be solved analytically, the code is first verified by
comparing the numerical results with the analytical solutions
of the Lane-Emden equation (Eq.(7)) forn =0 and n = 1,
for which the analytical solutions are available as follows [1]:

D =1-%, (13)
GEE (1)

Figure 1 shows a comparison between the numerical and
analytical solution for n = 0, while Figure 2 shows the
comparison for n = 1. Excellent agreement is observed in
both cases, confirming the reliability of the numerical method
and justifying its application to polytropic indices without
analytical solutions.

Lane-Emden solution: n=0

101 — Numerical
=== Analytical

0.8 4

0.6

Do(£)

0.4

0.2

0.0 1

0?0 D.‘S l.‘O l.IS 2,‘0 2.I5
3
FIGURE 1. Comparison of analytical and numerical solutions for

n=0.
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Lane-Emden solution: n=1

—— Numerical
=== Analytical

101

0.8 4

0.6

D1(§)

0.2 4

0.0

1?5 210 2t5 3.‘0
3
FIGURE 2. Comparison of analytical and numerical solutions for

n=1.

0.0 0.5 1.0

B. Density profilesforn=15and n=3

The Lane—Emden equation has been solved numerically for
two representative polytropic indices, n = 1.5 and n = 3,
corresponding to distinct stellar configurations. The n = 1.5
polytrope characterizes stars supported by non-relativistic
degenerate electron pressure, such as white dwarfs—
extremely compact remnants in their final evolutionary stage.
In contrast, the n = 3 polytrope represents stars in radiative
equilibrium, where radiation pressure balances gas pressure
and gravity, a condition typical of massive main-sequence or
radiation-dominated stars [1].

The first zeros of the numerical solutions, which specify
the stellar surface, are summarized in Table I. The results
indicate that the n = 1.5 polytrope corresponds to a more
compact configuration, while the n = 3 case exhibits a more
extended stellar structure.

TABLE I. Dimensionless radii (¢;) corresponding to the first zeros
of the Lane—Emden function forn = 1.5 and n = 3.

Polytropic index (n) &
15 3.654
3 6.897

Figure 3 illustrates the variation of dimensionless density
p/p:. = D} as a function of the dimensionless radius ¢ =
r /A, for both values of n (n = 1.5 and n = 3). In both cases,
the density decreases monotonically with increasing . The
point where D,, (&) first reaches zero, denoted &;, defines the
surface of the star, since beyond this point the density would
become negative and thus physically meaningless.
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FIGURE 3. Dimensionless density p/p. =D} versus

dimensionless radius ¢ = r/A, forn =1.5andn =3

As shown in Figure 3, the n = 1.5 density profile declines
more steeply and reaches zero at a smaller &, indicating a
compact star with a centrally concentrated mass. However,
the n = 3 profile decreases more gradually and extends
farther out, representing a radiation-dominated star with a
more diffuse structure.

IV. DIMENSIONAL ESTIMATE FOR THE SUN
AND COMPARISON WITH OBSERVATIONS

To illustrate how the dimensionless Lane—Emden solution
can be converted into a physical stellar radius, we use the n =
3 result together with estimates of the solar central pressure
and density.

Starting from Eq. (1) and inserting n = 3 for the Sun [5]
and using P, =2.34x 10%Pa [1] and p, = 1.5 x 10°
kg/m3 [6] for the center of the Sun, we have:

K =294 x 10° mkg /3572 (15)

Afterwards, A,, is calculated from Eq. (6) using p., n = 3,
and the value of K from Eq. (15), yielding:

A3 =7.05 % 10* km. (16)

Subsequently, substituting calculated A; from Eq. (16) and
using &; from Table | for n = 3 in Eq. (5) gives the radius
of the Sun as:

Rs = 4.87 x 10° km . (17)
This estimate is of the correct order of magnitude when
compared with the observed solar radius Rg = 6.95 X
10° km [1]. The two-hundred-thousand-kilometre difference

is expected given the highly simplified nature of the
polytropic model and the approximations used to obtain K.
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V. LIMITATIONS OF THE POLYTROPIC
MODEL

The difference between the polytropic estimate and the
observed solar radius arises from several well-known
limitations and approximations:

A. Model assumptions

A single polytropic index n assumes a single power-law
relation P = Kp™*1/™ (Eq. (1)) throughout the star. Real stars
(including the Sun) are not perfectly polytropic: the inner
radiative zone and the outer convective envelope are better
represented by different effective indices [4] and by non-
polytropic physics.

B. Equation of state simplification

For the Sun we approximated P. using an ideal-gas relation
in order to obtain K. In reality the equation of state varies
with depth (partial ionization, radiation pressure, degeneracy
in compact objects) [1], so a single K cannot capture the full
stratification.

C. Neglected physics

The polytropic Lane-Emden model omits important
ingredients: detailed energy generation (nuclear reactions),
opacity variations, convective transport, and compositional
gradients. These processes affect the pressure and
temperature profiles and therefore the mapping between p,,
K, and the global radius.

D. Sensitivity to input values

The computed R depends sensitively on the adopted P, and
pc- Small relative uncertainties in those central values
produce larger relative changes in K and 4,, because of the
power-law dependences.

VI. CONCLUSIONS

In this study, the Lane—Emden equation was numerically
solved for several values of the polytropic index using a
fourth-order Runge—Kutta method to investigate the internal
structure of polytropic stellar models. The numerical
solutions were first validated against analytical cases forn =
0 and n =1, showing excellent agreement. For the
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physically relevant indices n=15 and n=3,
corresponding respectively to non-relativistic degenerate
stars and radiation-dominated stars, the resulting
dimensionless density profiles revealed distinct structural
behaviors: the n = 1.5 polytrope exhibits a compact,
centrally concentrated configuration, whereas increasing the
polytropic index to n = 3 produces a more extended and less
centrally condensed stellar model. This general trend reflects
the fact that higher polytropic indices correspond to stars with
weaker central concentration and broader density
distributions.

Applying the n = 3 polytropic model to the Sun yielded
a stellar radius of the correct order of magnitude compared
with the observed value, confirming the usefulness of the
Lane—-Emden approach as an approximate but insightful tool
for modeling stellar interiors. The discrepancies between the
model and the actual solar parameters arise from simplifying
assumptions in the polytropic equation of state and the
neglect of detailed radiative, convective, and compositional
effects. Overall, the results demonstrate that the Lane—Emden
framework provides a valuable foundation for understanding
how the polytropic index governs stellar structure and serves
as a baseline for more realistic stellar evolution models.
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Resumo

Frente aos desafios e problemas do século XXI, a Educacdo Cientifica contemporanea estabelece que os estudantes
devam aprender ndo somente os conhecimentos conceituais e procedimentais nas aulas de Ciéncias, mas também
construir sélidas visdes epistemoldgicas que sejam consistentes com as perspectivas atuais da Historia, Filosofia e
Sociologia da Ciéncia. Todavia, ainda hoje séo frequentes aulas experimentais planejadas para os estudantes seguirem
mecanicamente a roteiros dirigidos, que ignoram os conhecimentos prévios, a imaginacéo, a criatividade, a analise e a
visdo critica de ciéncia. Diante dessa lacuna, este trabalho apresenta a analise acerca das possibilidades de utilizagao de
dois aparatos experimentais referentes a lei de Arquimedes, sendo um inovador e outro relativamente conhecido na
literatura em ensino de Ciéncias, elaborados com materiais de facil acesso, que favorecem discussGes e reflexdes
explicitas de aspectos conceituais, procedimentais e epistemologicos envolvidos em uma investigagéo cientifica.

Palabras clave: Aparatos Experimentais, Empuxo, Arquimedes, Ciéncia.

Abstract
Facing the challenges and problems of the 21st century, contemporary Science Education establishes that students should
not only learn conceptual and procedural knowledge in Science classes but also build solid epistemological visions that
are consistent with current perspectives in History, Philosophy, and Sociology of Science. However, even today,
experimental classes planned for students to follow mechanically to guided scripts, which ignore previous knowledge,
imagination, creativity, analysis, and critical view of science, are still common. Given this gap, this work presents an
analysis of the possibilities of using two experimental devices concerning Archimedes' law, one being innovative and
the other relatively well-known in the literature on science teaching, prepared with easily accessible materials. Which
favor discussions and explicit reflections of conceptual, procedural and epistemological aspects involved in a scientific

investigation.

Keywords: Experimental Apparatus, Buoyancy, Archimedes, Science.

I. INTRODUGAO

Gaston Bachelard (1884-1962) [1], em seu livro “A
Formacao do Espirito Cientifico”, publicado em 1938,
adverte que muitas vezes 0s professores ignoram o0s
conhecimentos de e sobre a Ciéncia ja consolidados pelos
estudantes anteriormente as suas aulas, argumentando que
uma aula pratica ndo se trata, na verdade, dos estudantes
adquirirem uma cultura experimental, mas sim de mudar de
cultura experimental e de superar obstaculos epistemolégicos
ja enraizados pela vida cotidiana. Utilizando a lei de
Arquimedes como exemplo, o referido autor afirmou que

[...] o equilibrio dos corpos flutuantes é objeto
de uma intuicdo habitual que é um amontoado de
erros. De modo mais ou menos claro, atribui-se uma
atividade ao corpo que flutua, ou, melhor, ao corpo
que nada. Se tentarmos com a médo afundar um
pedaco de pau na agua, ele resiste. Ndo é costume
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atribuir-se essa resisténcia a agua. Assim, é dificil
explicar o principio de Arquimedes, de tdo grande
simplicidade matematica, se antes néo for criticado
e desfeito o impuro complexo de intuigdes
primeiras. Em particular, sem essa psicanalise dos
erros iniciais, ndo se conseguira explicar que o corpo
que emerge e o corpo completamente imerso
obedecem a mesma lei ([1], 1996, p. 23).

Hoje, quase 80 anos depois, frente aos desafios e problemas
do século XXI, a Educacdo Cientifica contemporanea
corrobora as ideias de Gaston Bachelard e advoga em prol de
uma formagdo critica para o exercicio da cidadania plena, na
qual o letramento cientifico torna-se componente
indispensavel [2]. Para além do esforco em desenvolver
habilidades e competéncias, o conceito de “letramento
cientifico” pressupfe-se que 0s estudantes necessitam
aprender ndo somente 0s conhecimentos conceituais e
procedimentais nas aulas de disciplinas cientificas (Fisica,
Quimica e Biologia), mas também construir sélidas visdes
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epistemoldgicas que sejam consistentes com as perspectivas
atuais da Historia, Filosofia e Sociologia da Ciéncia. Trata-se
de colocar em pratica um novo papel para os professores de
Fisica, sobretudo no sentido de propiciar momentos de
discusséo e reflexdo, de forma explicita e integrada com
conteddo conceitual, sobre aspectos da chamada ‘“Natureza
da Ciéncia” (NdC) [3].

Outrossim, h&a na literatura diversos estudos com
relevantes contribui¢cdes de multiplas abordagens e
estratégias de ensino para a insercdo de aspectos da NdC no
ensino de Ciéncias, quer sejam em controvérsias
sociocientificas, episddios historicos [4, 5, 6, 7, 8, 9]; temas
contemporaneos [10, 11, 12]; jari simulado [13]; leitura de
fontes primérias [14, 15]; textos jornalisticos [16]; e de
divulgagdo cientifica [17]; analises de videos (filmes e
documentarios) [18]; e jogos didaticos [19].

Sao poucos, porém, os trabalhos que tém considerado o
uso de aulas experimentais para o desenvolvimento de visdes
epistemoldgicas mais bem-informadas sobre o processo de
construcdo do conhecimento cientifico [20, 21]. Com efeito,
ndo raramente, as propostas de abordagens experimentais tém
como objetivo educacional unicamente a aprendizagem
conceitual e/ou procedimental, prevalecendo concepcoes
pedagdgicas de planejamento nas quais o0s estudantes
necessitam seguir roteiros excessivamente dirigidos [22, 23].

Tais concepg¢des pedagdgicas implicam em trés prejuizos
imediatos ao processo de ensino e aprendizagem. Em
primeiro lugar, levam os professores a ignorarem 0s
conhecimentos prévios, a imaginacdo, a criatividade, a
capacidade de analise critica de informacdes dos estudantes.
Em segundo lugar, ao desconsiderar ou “se esquecer” de seu
potencial para o favorecimento de discussdes e reflexdes
epistemoldgicas, ndo problematizam a recorrente e ingénua
visdo empirico-indutivista dos estudantes sobre as praticas
cientificas. E por Gltimo, ndo despertam os professores para
tomadas de consciéncia sobre a necessidade de engajamento
com outras praticas problematizadoras, que corroborem com
a desconstrucdo dessa visdo empirico-indutivista sobre os
métodos, processos e produtos da Ciéncia.

E nesta perspectiva e a partir dessas consideragdes que se
apresenta este trabalho com o objetivo de analisar as
possibilidades de utilizacdo de dois aparatos experimentais
referentes a lei de Arquimedes, sendo um inovador e outro
relativamente conhecido na literatura em ensino de Ciéncias,
elaborados com materiais de fécil acesso, que favorecem
discussdes e reflexdes explicitas sobre aspectos conceituais,
procedimentais e epistemoldgicos envolvidos em uma
investigacdo cientifica.

1. A LElI DE ARQUIMEDES

Brincadeiras em aguas calmas, como em lagos ou piscinas,
exemplificam o quanto é mais leve segurar uma pessoa,
mesmo que apenas parcialmente mergulhada, do que se a
tentativa for feita fora da agua. Estas simples experiéncias,
contudo, podem ser Uteis para o professor introduzir uma
discussdo com os estudantes a fim de problematizar, em
contextos préximos de suas vivéncias, a existéncia de uma
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forca, supostamente na vertical para cima, exercida pela agua
sobre o corpo que nela submerge. E pertinente destacar que
esta forga, denominada por forgca de empuxo (ou
simplesmente empuxo), é responsavel pela sustentacdo de
embarcagdes [24], pela ascensdo dos baldes de ar quente [25],
além de influenciar o movimento vertical de peixes,
principalmente daqueles que possuem uma estrutura
designada bexiga natatéria — érgao que atua como regulador
da flutuacédo do peixe [26].

Ao contrério dos peixes que conseguem controlar a sua
flutuabilidade mediante a captacdo/liberacdo de gases
dissolvidos na &gua, os golfinhos, por sua vez, necessitam
armazenar em seus pulmdes o ar extraido da atmosfera. Este
fato provoca um aumento da forca de empuxo sobre o
golfinho em decorréncia do aumento de seu volume,
conforme discutido a seguir, e consequentemente dificuldade
para cacar, ja que o seu alimento pode estar localizado em
aguas profundas, por exemplo, a 300 m abaixo da superficie
da agua. Nestes casos, uma redugdo do volume de sua caixa
toracica, que resulta numa reducdo da forca de empuxo, €
responsavel por facilitar o movimento de descida destes
animais, tdo importante durante a procura por refei¢do [27].

Com o intuito de promover o trabalho em equipe e 0
protagonismo dos estudantes em sua jornada de
aprendizagem, professores de uma escola organizaram uma
competi¢do envolvendo a construgdo de barcos feitos com
papeldo, que deveriam suportar dois estudantes, para a
problematizacdo do ensino sobre o empuxo [28]. Ap6s a
construcdo, executada exclusivamente pelos estudantes, a
corrida de barcos foi realizada numa piscina e a classificacéo
final levou em consideracdo néo apenas a ordem de chegada
dos participantes, mas também o conhecimento dos calculos
envolvendo a profundidade maxima que o barco afunda com
a respectiva dupla dentro do barco e 0 peso maximo que 0
barco é capaz de suportar, bem como a animacao da dupla e
até mesmo a decoragdo dos barcos. Os resultados corroboram
com diversos trabalhos que apontam que os estudantes sao
motivados a aprender quando sdo desafiados a resolverem
problemas préaticos e, sobretudo, quando sdo envolvidos
ativamente no processo de ensino-aprendizagem [29, 30].

Uma discussdo potencialmente instigante também
relacionada com embarcacdes é realizada por Dishaw [31]. O
autor utiliza como exemplo os navios de guerra, em especial
0 encouracado Arizona, para explicar como a forca de
empuxo da agua do mar equilibra o peso da embarcacao.
Além disso, a partir de um modelo geométrico simplificado
para 0 casco, um prisma triangular, o referido autor
demonstra que os navios desta magnitude precisam de um
porto de aguas profundas para atracar.

Admitindo-se que a pressdo hidrostatica exercida por um
fluido de densidade constante dr aumenta linearmente com a
profundidade, resultado conhecido como lei de Stevin, pode-
se demonstrar a seguinte expressdo para 0 modulo da forca
de empuxo (Fy) sobre o objeto colocado nesse fluido:
em que g é o modulo da aceleracédo gravitacional local e V; 0
volume do objeto (também denominado de volume de fluido
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deslocado) que esta submerso. Os detalhes da derivacao deste
resultado podem ser consultados, por exemplo, em [32].

A equacdo (1), frequentemente designada por principio
[33, 34, 35] ou lei [35] de Arquimedes, também pode ser
obtida a partir de consideracfes a respeito da energia
mecénica do sistema [36], bem como por meio do aumento
da presséo exercida pelo fluido com imerséo do objeto [37]
ou ainda usando a ideia dos deslocamentos virtuais [38].

I11. PROPOSTAS E APARATOS PRATICOS

O primeiro aparato possibilita obter o médulo da forca de
empuxo em funcdo do volume submerso de um objeto
colocado em contato com trés diferentes fluidos (dgua da
torneira, agua salgada e alcool). Enquanto o segundo permite
ao professor demonstrar uma exce¢do envolvendo o
enunciado tradicional da lei de Arquimedes, habitualmente
encontrado em livros didéaticos de Fisica: “seu mddulo nem
sempre ¢ igual ao do peso do volume de fluido deslocado”.

A. Empuxo versus volume submerso

Para o estudo do empuxo em fungdo do volume submerso,
confeccionou-se um aparato experimental no formato de um
poliedro com cinco faces. Primeiramente, em uma folha de
papel milimetrado, desenhou-se um quadrado de lado 7,00
cm e em cada lado retdngulos de 7,00 cm x 5,00 cm, como
demonstra a Figura 1a. Entre os retangulos foram adicionadas
bordas, regido pontilhada na Figura la, para facilitar a
colagem dos retangulos. Em seguida, o papel milimetrado foi
plastificado com papel contact transparente, cortado e
dobrado de maneira que as bordas dos retdngulos contiguos
pudessem ser unidas com fita adesiva, formando uma
caixinha de papel. Esta, por sua vez, se manteve estavel e
resistente mediante a fixacao de uma caixinha de acrilico com
dimensdes 6,50 cm x 6,50 cm x 4,00 cm e massa igual a 31,22
g em seu interior (Figura 1b).

O conjunto apresentado na Figura 1b, denominado
“barquinho”, ao flutuar em um fluido de interesse, permite a
leitura do volume submerso quando uma carga é introduzida
em seu interior. A critério do professor, a caixinha de acrilico
pode ser substituida por uma embalagem de leite condensado
ou creme de leite, por exemplo.

Posteriormente, inseriu-se o barquinho em um recipiente
contendo determinados fluidos (a4gua de torneira, agua
salgada, ou alcool 90%), a fim de proceder com as
experiéncias: flutuacdo do barquinho com carga variavel em
seu interior. Antes, porém, posicionou-se duas moedas no
interior da caixa de acrilico com o intuito de contribuir para
estabilidade do barquinho. Com o auxilio de uma seringa de
10 mL, adicionou-se diferentes quantidades de agua no
interior do barquinho e mediu-se o respectivo valor da
profundidade submersa com o papel milimetrado localizado
em suas laterais.
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FIGURA 1. a) Molde desenhado em papel milimetrado, b)
dispositivo construido para o estudo da intensidade da forca de
empuxo em funcéo do volume submerso. O papel milimetrado
permite obter o volume submerso com boa precisdo, j4 a caixa de
acrilico contribui para a estabilidade do sistema.

B. Médulo do empuxo versus peso do fluido deslocado

A partir de materiais de muito facil acesso, propés-se uma
atividade para demonstrar que o enunciado tradicional da lei
de Arquimedes, comumente encontrado em livros-texto de
Fisica: “todo corpo mergulhado num fluido sofre uma for¢a
vertical para cima cujo modulo corresponde ao peso do fluido
por ele deslocado”, ndo € valido em todas as circunstancias.
Para este propdsito, utilizou-se uma seringa (20 mL), uma
garrafa de agua mineral vazia (500 mL e diametro em torno
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de 6,5 cm) e uma embalagem de detergente vazia (500 mL e
diametro em torno de 6,0 cm).

Inicialmente, cortou-se, perpendicularmente ao seu eixo
de simetria, ambas embalagens mencionadas de forma que a
distancia entre a base de cada uma e o corte foi de 10,5 cm
para a garrafa de agua (Fig. 2a) e 11,5 cm para a embalagem
de detergente (Fig 2b). Com um “copo” dentro do outro,
adicionou-se 100 mL de agua dentro do “copo” proveniente
da embalagem de detergente. Posteriormente, adicionou-se
cuidadosamente &gua dentro do “copo” externo até perceber
a flutuacdo do “copo” interno.

a)

)\fr

b)

FIGURA 2. a) Garrafa de 4gua mineral (500 mL e 6,5 cm de
didmetro) cortada a uma altura de 10,5 cm da base, b) embalagem
de detergente (500 mL e 6,0 cm de didmetro) cortada a uma altura
de 11,5 cm da base.
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IV. RESULTADOS E DISCUSSAO
A. Densidade dos fluidos

Os resultados das experiéncias envolvendo a adi¢do de
diferentes quantidades de agua no interior do barquinho
permitem a constru¢do de um gréafico com os valores do
mdédulo da forga de empuxo (que corresponde ao médulo do
peso do barquinho, das moedas e da &gua em seu interior) em
funcdo do volume submerso (area da base vezes a
profundidade submersa). Nestas experiéncias, admitiu-se que
cada 1 mL de 4gua vertida para o interior da caixa de acrilico
possui exatamente 1 g, o que corresponde a uma diferenca
percentual em relagdo ao valor aceito (0,998 g) de,
aproximadamente, 0,2%.

Logo, a luz da equacéo (1), que afirma que o0 mddulo do
empuxo é proporcional ao volume submerso, procedeu-se
com um ajuste linear dos dados experimentais, isto €, Fg
versus g - V;, utilizando o software Origin (Figura 3). Ou seja,
adotou-se como eixo das abscissas os valores do volume
submerso multiplicado pelo modulo da aceleracdo
gravitacional. Desta forma, o coeficiente angular da reta de
ajuste corresponde a densidade do fluido sobre o qual flutua
0 barquinho. Os valores obtidos estdo apresentados na
primeira coluna da Tabela 1.

= Agua comsal
e Agua
4 Alcool

V, (10 m3). g (m/s?)

FIGURA 3. Mddulo da forga de empuxo em fungéo do volume
submerso vezes 9,81 m/s2 para diferentes fluidos (dgua de
torneira com sal de cozinha, 4gua de torneira e élcool 90%).

Para efeitos de comparacdo, obteve-se a densidade dos
fluidos por meio de ajustes lineares a partir de um gréfico
envolvendo a massa e o volume de cada fluido. Nestes
ensaios, utilizou-se uma balanca com precisdo de quatro
casas decimais, um béquer de 30 mL e uma seringa de 5 mL.
Com o auxilio da seringa, adicionou-se 10 medidas de 5 mL
de cada fluido no béquer, anotando-se as suas respectivas
massas (Figura 4). De posse dos valores obtidos e do conceito
de densidade, utilizou-se novamente o software Origin para
efeitos de obtengdo da densidade dos fluidos por meio de
ajustes lineares. Os valores obtidos por este procedimento
estdo apresentados na segunda coluna da Tabela 1.
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FIGURA 4. Massa em fungdo do volume para os diferentes
liquidos utilizados neste estudo.

De um modo geral, os valores apresentados na Tabela 1
sugerem que 0 aparato construido pode ser Util para que o
professor proponha atividades experimentais de baixo custo
gue permitem uma analise quantitativa do problema. Varios
barquinhos, conforme a Figura 1, foram construidos e
utilizados, no Brasil, em turmas de Engenharia Civil e
Engenharia Quimica do Instituto Federal Goiano — Campus
Rio Verde. Em todos 0s casos, 0 erro relativo percentual
obtido foi inferior a 5%.

A Figura 3 possibilita observar que para cada fluido
obteve-se pontos experimentais aproximadamente alinhados,
conforme a equacdo (1). E fato que o pesquisador pode
realizar medi¢des acuradas em situacBes envolvendo
diferentes fluidos e objetos nele submersos. Contudo, as
conclusdes obtidas de casos particulares ndo tém a
capacidade de conduzi-lo a “descoberta” da equagdo que
quantificaria o empuxo [39]. Ou seja, a equacdo (1), como
qualquer outro caso geral, ndo deve ser apresentada aos
aprendizes como algo que decorre de um modo imediato da
evidéncia experimental, mas que — apds a sua proposi¢ao —
demanda sempre uma atitude de submisséo a prova.

TABELA 1. Valores da densidade dos diferentes fluidos a 20 °C.

Fluido Densidade? (kg/L) Densidade® (kg/L) Densidade® (kg/L)
Agua com sal 1,196 + 0,021 1,207 £ 0,002 1,205 [40]
Agua de torneira 0,998 + 0,006 1,012 + 0,006 0,998 [40]
Alcool 90% 0,900 + 0,003 0,839 + 0,003 0,789 [40]

2 Determinada a partir do coeficiente angular da reta de ajuste considerando os dados apresentados na Figura 3.
® Determinada a partir do coeficiente angular da reta de ajuste considerando os dados apresentados na Figura 4.
¢ Valores obtidos na literatura.

[...] esta longe de ser 6bvio, de um ponto de
vista ldgico, haver justificativa no inferir
enunciados  universais de  enunciados
singulares, independentemente de quédo
numerosos sejam estes; com efeito, qualquer
conclusdo colhida desse modo sempre pode
revelar-se  falsa; independentemente de
guantos cisnes brancos possamos observar,
isso ndo justifica a conclusdo de que todos os
cisnes sdo brancos [41].

Nesse cendrio, os professores podem problematizar, por
exemplo, o “mito do método cientifico universal”
frequentemente divulgado em muitos livros didaticos. Este
mito reforca uma concepcdo inadequada e empirico-
indutivista sobre a NdC, pressupondo equivocadamente que
as investigacOes cientificas se originam a partir de uma

surpreendente — algumas vezes acidental — “observagido”
sobre algum fenémeno do mundo natural.
Recentemente, Hidalgo, Queiroz e Oliveira [42]

analisaram o episodio histérico envolvendo o contetido da lei
de Arquimedes nos livros didaticos de Fisica do Plano
Nacional do Livro Didatico [42]. Segundo as conclusGes dos
autores, a recorrente visdo empirico-indutivista sobre esse
Lat. Am. J. Phys. Educ. Vol. 19, No. 4, Dec., 2025
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assunto ja had muito tempo evidenciada na literatura em
ensino de Ciéncias, retratada por pseudo-histdrias e
narrativas descontextualizadas e inadequadas como a
“descoberta do empuxo”, ainda sdo frequentes nos atuais
livros didaticos. Dentre os 12 livros analisados, hd somente
dois exemplos de transposi¢do didatica coerente com a
historiografia moderna da Ciéncia para o contexto do Ensino
Meédio, explicitamente apoiados em trabalhos académicos.

B. Volume deslocado x Volume submerso

Acerca das experiéncias mencionadas na secdo IIIB,
observou-se que um volume de, aproximadamente, 48 mL de
agua foi suficiente para promover a flutuagdo do “copo” com
100 mL de agua (Figura 5). O instante no qual o “copo” com
100 mL de &gua passa a flutuar, tem-se que o médulo do
empuxo necessariamente vale um pouco mais do que 100 gf,
correspondendo ao valor do peso da dgua e do “copo” interno.

Por outro lado, de acordo com o enunciado tradicional da
lei de Arquimedes, 0 modulo do empuxo equivale ao médulo
do peso de agua deslocado. Recorda-se que o volume
adicionado de agua ao “copo” externo que fez o interno
flutuar foi de 48 mL. Assim, de acordo com o referido
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enunciado, o valor do empuxo ndo poderia sequer atingir 48
gf — situacdo hipotética em que todo o volume de agua seria
deslocado. Esta atividade experimental demonstra, portanto,
que o enunciado tradicional se encontra em pleno desacordo
com a situagdo observada. Ou seja, ha casos em que 0s
madulos das forgas peso do fluido deslocado e empuxo sdo
notoriamente diferentes.

a)

b)

L 0'C
e G Iml +1mi
100 = 100

FIGURA 5. a) Embalagem de detergente cortada contendo 100
ml de agua flutuando em uma embalagem de agua mineral

Lat. Am. J. Phys. Educ. Vol. 19, No. 4, Dec., 2025

cortada com 48 ml de &gua. B) provetas com os volumes de agua
envolvidos nesta atividade.

A Figura 6 representa a situagdo inicial de um recipiente
contendo um determinado fluido, bem como a sua
configuracdo final quando um determinado corpo flutua em
seu interior. Nota-se que as alturas h e H da superficie do
liquido contido no recipiente sdo tomadas em relagdo a
posicéo final da base do corpo que foi inserido. Neste sentido,
a Figura 6 ilustra, portanto, o0 modelo que sera utilizado para
analisar o resultado mostrado na Figura 5a. E sabido que a
forca de empuxo que sustenta o peso do corpo flutuante
provém do somatorio das forcas devido a pressdo aplicada
pela agua e/ou pelo ar em cada ponto da superficie do corpo.
Consequentemente, 0 mddulo do empuxo corresponde a
diferenca de presséo entre a base e o topo do corpo flutuante
vezes a area de sua secdo reta (a), ou seja,

FE = Phida, (2)
em que Ppiq = df - g - H, pela lei de Stevin, é a presséo
hidrostatica imediatamente abaixo do corpo que flutua.
Portanto,

V = Ha, (3)

€ o volume que fornece o valor correto para a forca de
empuxo capaz de suportar o peso do corpo inserido no fluido.

- S

e

FIGURA 6. Recipiente com um determinado fluido antes (a
esquerda) e ap6s (a direita) a insercdo de um corpo flutuante.
Todos o0s pontos da base do corpo que flutua estdo a uma mesma
profundidade H. Nota-se que h e H correspondem,
respectivamente, as alturas da superficie do fluido em contato
com a atmosfera antes e apds a imersao do corpo flutuante, ambas
tomadas em relagdo a posigdo da base do corpo que flutua.

Por outro lado, o volume de fluido que é efetivamente

deslocado (V,;), devido & inser¢do do corpo flutuante, pode
ser determinado pelas seguintes expressdes:
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(4)
()

Vd = ha,
Va=H-h(A-a),

em que A € a area da secdo reta do recipiente que contém o
fluido. Comparando-se a equacéo (3) com a (4) e observando-
se que h < H, conclui-se que a intensidade do peso do
volume de fluido deslocado (d;gha), neste caso, ndo conduz
a equagdo correta para 0 modulo do empuxo (drgHa),
contrariando o enunciado tradicional da lei de Arquimedes.
Além disso, isolando H a partir da equacdo (3), h a partir da
equacdo (4) e substituindo ambos na equacéo (5), obtém-se,
reorganizando os termos, que

A—a
Vd= A V

(6)

A equacdo (6) demonstra que, para 0 caso investigado, o
volume de fluido deslocado corresponde ao volume V' apenas
quando a A > a, o que significa dizer que, H - h e, assim,
0 médulo do empuxo pode ser calculado a partir do peso do
volume deslocado. Isso também ocorre quando o recipiente
se encontra completamente cheio, conforme pode ser
facilmente demonstrado pelo leitor, seguindo o mesmo
raciocinio apresentado anteriormente. Ou seja, 0 modulo do
empuxo equivale ao do peso do fluido deslocado somente
quando o nivel da superficie livre do fluido ndo é alterado
pela imersdo do objeto no fluido. Esta foi exatamente a
situacdo considerada por Arquimedes [43], mas que,
evidentemente, ndo é o caso da experiéncia apresentada na
Figura 5. Neste sentido, espera-se que 0s estudantes
percebam que o enunciado tradicional (sobre o empuxo ter o
mesmo valor do peso do fluido deslocado) ndo é adequado
para a situacdo aqui discutida e que V corresponde, de fato,
ao volume submerso do objeto.

Uma vez que a investigacdo cientifica € guiada por uma
“questdo de pesquisa” a ser respondida, com base em um
modelo tedrico subjacente, os cientistas, inevitavelmente,
possuem expectativas quanto a coleta de “dados” ¢ a
construgdo de “evidéncias” disponiveis. Diante do
estabelecimento de uma reconhecida “anomalia”, cada
cientista pode tomar uma decis&o particular, por exemplo: (i)
rejeita-la e continuar buscando as fontes do erro
experimental; (ii) aceita-la como suficiente para provocar
uma mudanca (periférica ou central) no modelo teérico; (iii)
deixd-la de lado ou em “modo de espera” de alguma
explicacdo ainda com base no modelo tedrico vigente.

Aqui, a excecdo a lei de Arquimedes se mostra bastante
frutifera para contextualizar essa discussdo. Ao contrario da
imagem inadequada propagada pela visdo empirico-
indutivista — ou pela visdo falsificacionista ingénua — essas
diferentes possibilidades de escolhas dos cientistas mostram
que um resultado experimental “andmalo” ou inconsistente
com o modelo tedrico vigente ndo é suficiente para a
refutacdo deste modelo. Todas as trés escolhas elencadas
anteriormente sdo validas. Ainda de acordo com o Kuhn [44],
“essa [liberdade de escolha individual] ¢ talvez a maneira que
a comunidade cientifica encontrou para distribuir os riscos e
assegurar o sucesso do seu empreendimento a longo prazo”.
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V. CONSIDERACOES FINAIS

E pertinente reiterar que, no presente trabalho, propds-se um
aparato pratico inovador que pode ser confeccionado e
experienciado pelos proprios estudantes (do Ensino Médio ou
do Superior), e que permitiu determinar a densidade de
liquidos (&dgua com sal, &gua e alcool 90%) em excelente
concordancia com os valores esperados. Ademais, um
segundo aparato, construido com materiais comumente
descartados, possibilitou considerar uma excecéo envolvendo
0 enunciado tradicional da lei de Arquimedes. De modo geral,
as atividades experimentais propostas possibilitaram avan¢os
para além da aprendizagem dos conceitos de empuxo e
densidade e de conhecimentos procedimentais, mormente
pelo engajamento dos professores e estudantes com as
questdes epistemolégicas que envolvem a desconstrucdo da
perspectiva indutivista das investigagdes cientificas.

Deseja-se, que as ponderacdes apresentadas nas analises
de dados sirvam para despertar entre aqueles que recorrem ao
laboratdrio didatico de Fisica, um ensino mais conectado a
dimensdo reflexiva de construcdo do conhecimento
cientifico. Mesmo porque, conforme apontado pelo professor
e pesquisador Marco Anténio Moreira, 0 conhecimento
cientifico é construido a partir de modelos que buscam
idealizar fenbmenos de interesse, tais modelos podem
“evoluir tedrica e matematicamente até chegar a uma teoria,
cuja aceitacdo (que é sempre provisoria), refutacéo (que pode
ser definitiva) ou revisdo (introducdo de modificacbes para
melhoré-1a) depende da experimentagao” [45].
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Resumo

Este estudo investigou o desenvolvimento de uma Unidade de Ensino Potencialmente Significativa (UEPS) para o ensino
do contelido de Evolugéo Estelar no ensino médio, tendo como principal objetivo avaliar sua efetividade nessa tematica.
Diante das dificuldades conceituais frequentemente associadas ao tema, a pesquisa buscou responder a seguinte questdo
norteadora: a UEPS pode favorecer a aprendizagem significativa do contetido proposto? Como referencial tedrico,
utilizou-se a Teoria da Aprendizagem Significativa de Ausubel, com contribui¢cGes de Moreira. Metodologicamente, 0
estudo adotou uma abordagem qualitativa para avaliar os resultados de aprendizagem decorrentes da aplicacdo de uma
UEPS em uma turma do ensino médio de uma escola publica da cidade de Manaus-AM. Os dados foram coletados por
meio de questionarios, sendo analisados com base na Andlise de Contetdo de Bardin. A partir da analise dos resultados,
concluiu-se que a UEPS contribuiu para a promogao da aprendizagem significativa do contetdo.

Palavras-chave: UEPS. Fisica. Evolucéo Estelar.

Abstract
This study investigated the development of a Potentially Meaningful Teaching Unit (PMTU) for teaching Stellar
Evolution in high school, with the primary objective of evaluating its effectiveness on this topic. Given the conceptual
challenges often associated with this topic, the research sought to answer the following guiding question: Can the PMTU
promote meaningful learning of the proposed content? Ausubel's Theory of Meaningful Learning, with contributions
from Moreira, was used as a theoretical framework. Methodologically, the study adopted a qualitative approach to
evaluate the learning results carried out of the implementation of a PMTU to a high school class at a public school in
the city of Manaus, Amazonas. Data were collected through questionnaires and analyzed using Bardin's Content
Analysis. Based on the analysis of the results, it was concluded that the contributed to promoting meaningful learning

of the content.

Keywords: UEPS. Phisycal. Stellar Evolution.

I. INTRODUCAO

Na atualidade, é fundamental que os estudantes tenham
contato com conhecimentos sobre a origem e a evolucéo do
universo, incluindo a formacéo das estrelas, das galaxias e
dos buracos negros. O estudo desses temas amplia a
compreensdo da imensiddo cdsmica, desperta a curiosidade
cientifica e estimula o pensamento critico, contribuindo para
uma visdo mais aprofundada da natureza. Nesse sentido,
Trevisan e Queiroz [1] destacam que:
“O ensino de Astronomia é elemento estimulador para o
aprendizado em Ciéncias, capaz de ampliar, viabilizar e
colaborar para a apresentacdo e compreensdo de
conhecimentos cientificos, possibilitando uma formagéo
critica e reflexiva para a plena participacéo do cidadédo na
sociedade em que vive’[1].
Com base nesse cenario, este trabalho busca investigar se
a utilizacdo de uma Unidade de Ensino Potencialmente
Significativa (UEPS) pode contribuir para a aprendizagem do
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conteudo “Evolugdo Estelar” no Ensino Médio. A escolha
dessa abordagem justifica-se ndo apenas por seu valor
cientifico, mas também por apresentar uma proposta
metodoldgica para o ensino dessa tematica.

Entretanto, observa-se que o ensino, muitas vezes, ainda
¢ estruturado de forma a priorizar a memoriza¢do para
avaliagBes, em detrimento do desenvolvimento de uma
compreensdo profunda e contextualizada dos conteldos.
Nesse contexto, Moreira [2] aponta que, “[...] a aprendizagem
gue mais ocorre na escola € outra: a aprendizagem mecanica,
aquela  praticamente  sem  significado, puramente
memoristica, que serve para as provas e é esquecida, apagada,
logo ap6s” (p.31-32).

Assim, torna-se necessario que o ensino esteja orientado
para a aprendizagem significativa, em oposicdo a abordagem
mecanica, ja que, nesse processo, 0 novo conhecimento
integra-se aos saberes prévios do aluno, atribuindo-lhes
significado e favorecendo sua assimilagéo.
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Dessa forma, o ensino desse contelldo em sala de aula
fundamenta-se nas teorias de Ausubel [3] e Moreira [2] sobre
aprendizagem significativa, considerando que esse modelo
favorece uma compreensdo mais solida e duradoura, em
contraste com a aprendizagem mecénica, ainda bastante
presente no contexto escolar. Segundo Ausubel [3], a
aprendizagem mecénica se caracteriza pela memorizacéo
isolada de informagBes, sem uma relagdo direta com
conhecimentos ja adquiridos, enquanto a aprendizagem
significativa possibilita a assimilagdo dos novos contetidos de
maneira integrada a estrutura cognitiva do estudante.

Diante disso, esta pesquisa tem como objetivo investigar
se a aplicacdo de uma UEPS no ensino do contelido
“Evolucdo Estelar” pode favorecer a promogdo da
aprendizagem significativa dos alunos, analisando o impacto
dessa abordagem em seu processo de aprendizagem.

Para obter um panorama geral sobre os trabalhos ja
realizados na area, foi realizada uma pesquisa no Periddico
da CAPES sobre a aplicacdo das UEPS no ensino do
conteudo “Evolugao Estelar”, entre os anos de 2016 ¢ 2025.
Esse levantamento revelou 34 trabalhos que utilizaram as
UEPS para o0 ensino de Fisica, distribuidos da seguinte forma:
9 em Mecanica, 3 em Termodinamica, 1 em Optica, 4 em
Ondulatéria, 4 em Eletromagnetismo, 6 em Fisica Moderna,
6 em Fisica Contemporanea e apenas 1 em Astrofisica. No
entanto, esse Unico estudo teve como foco a formacéo
continuada de professores de Fisica na Educagdo Bésica.

Portanto, os resultados deste trabalho podem contribuir
para a elucidacao do potencial das UEPS como estratégia de
ensino voltada a promocdo da aprendizagem significativa,
além de indicar caminhos para aprimorar 0 ensino e a
aprendizagem do conceito de evolugéo estelar.

Il. REFERENCIAL TEORICO

Este trabalho adota a teoria da aprendizagem significativa de
Ausubel [3] como referencial tedrico, pois parte do
pressuposto de que a construgdo do conhecimento é mais
eficaz quando 0s novos conceitos sdo integrados aos
conhecimentos previamente existentes na estrutura cognitiva
do individuo. Segundo Ausubel [3] “os novos significados
s80 o0 produto de uma interac¢do activa e integradora entre
novos materiais de instrucao e ideias relevantes da estrutura
de conhecimentos existente do aprendiz” (p. 43).

Na aprendizagem significativa, o novo conhecimento é
incorporado de maneira substantiva e ndo arbitraria ao
conhecimento prévio do aluno. Esse conhecimento
preexistente é denominado subsungor, que pode assumir
diferentes formas, como um simbolo, um conceito, uma
proposicdo, um modelo mental, uma concep¢do, uma
representacdo ou qualquer outro conhecimento j& existente na
estrutura cognitiva do individuo, conforme afirma Ausubel
[3]:

“A esséncia do processo de aprendizagem significativa, tal
como ja se verificou, consiste no facto de que novas ideias
expressas de forma simbdlica (a tarefa de aprendizagem) se
relacionam aquilo que o aprendiz ji4 sabe (a estrutura
cognitiva deste numa determinada area de matérias), de
forma ndo arbitraria e ndo literal, e que o produto desta
interaccdo activa e integradora é o surgimento de um novo
Lat. Am. J. Phys. Educ. Vol. 19, No. 4, Dec., 2025

significado, que reflecte a natureza substantiva e denotativa
deste produto interactivo” [3].
Segundo 0 mesmo autor, para que a aprendizagem
significativa ocorra, é necessario que duas condi¢Bes sejam
satisfeitas. A primeira é que o material de aprendizagem seja
potencialmente significativo, ou seja, que se relacione de
maneira ndo arbitraria e ndo literal a estrutura cognitiva do
individuo. A segunda condicdo € que o aprendiz tenha
predisposicdo para aprender, demonstrando interesse em
relacionar 0s novos conhecimentos com sua estrutura
cognitiva, de acordo com ele [3]:
“A aprendizagem significativa exige que os aprendizes
manifestem um mecanismo de aprendizagem significativa
(ou seja, uma disposicéo para relacionarem o novo material
a ser apreendido, de forma néo arbitraria e nao literal, a
propria estrutura de conhecimentos) e que o material que
apreendem seja potencialmente significativo para o0s
mesmos, nomeadamente relacional com as estruturas de
conhecimento particulares, numa base ndo arbitraria e ndo
literal” [3].

Na teoria da aprendizagem significativa, ocorrem dois
processos essenciais: a diferenciacdo progressiva e a
reconciliacdo integradora.  Trata-se de  principios
programaticos (de ensino) que também podem ser aplicados
a estrutura cognitiva. Ausubel [3] afirma que na diferenciacdo
progressiva “‘apresentam-se, em primeiro lugar, as ideias
mais gerais e inclusivas da disciplina e, depois, estas sdo
progressivamente diferenciadas em termos de pormenor e de
especificidade” (p. 166). Ja a reconciliagdo integradora
envolve a reorganizacdo das informagdes ja adquiridas,
permitindo que o aluno estabeleca conexdes mais
consistentes e abrangentes entre 0s conhecimentos prévios e
0s recém-aprendidos.

Nesse sentido, quando a diferenciacdo progressiva
acontece, novos conhecimentos tendem a ser assimilados
pelo estudante, resultando na ampliagio e no
aperfeicoamento do seu subsuncor. Na reconciliagdo
integradora, os contetidos tendem a se articular de maneira
mais coerente, permitindo ao aluno perceber relacdes,
identificar semelhancas e diferencas significativas e resolver
aparentes contradigdes.

Moreira [4], com o objetivo de desenvolver estratégias
gue promovam a aprendizagem significativa, elaborou a
teoria das Unidades de Ensino Potencialmente Significativas
(UEPS). Fundamentadas em 16 principios, as UEPS buscam
estruturar o ensino de maneira que 0s novos conhecimentos
sejam integrados a estrutura cognitiva dos alunos.

1. o conhecimento prévio ¢ a variavel que mais influencia a
aprendizagem significativa (Ausubel);

2. pensamentos, sentimentos e acdes estao integrados no ser
que aprende; essa integracdo € positiva, construtiva,
quando a aprendizagem & significativa (Novak);

3. ¢ o0 aluno quem decide se quer aprender
significativamente determinado conhecimento (Ausubel;
Gowin);

4. organizadores prévios mostram a relacionabilidade entre
novos conhecimentos e conhecimentos prévios;

5. s@o as situacOes-problema que ddo sentido a novos
conhecimentos (Vergnaud); elas devem ser criadas para
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despertar a intencionalidade do aluno para a
aprendizagem significativa;

6. situacGes-problema podem
organizadores prévios;

7. as situagdes-problema devem ser propostas em niveis
crescentes de complexidade (Vergnaud)

8. frente a uma nova situagdo, o primeiro passo para
resolvé-la é construir, na memoéria de trabalho, um
modelo mental funcional, que é um anélogo estrutural
dessa situagéo (Johnson-Laird);

9. adiferenciacdo progressiva, a reconciliacéo integradora

e a consolidacdo devem ser levadas em conta na

organizacéo do ensino (Ausubel);

a avaliagdo da aprendizagem significativa deve ser feita

em termos de buscas de evidéncias; a aprendizagem

significativa é progressiva;

11.0 papel do professor é o de provedor de situacgOes-
problema, cuidadosamente selecionadas, de organizador
do ensino e mediador da captacdo de significados de
parte do aluno (Vergnaud; Gowin);

12. a interacdo social e a linguagem sdo fundamentais para
a captacao de significados (Vygotsky; Gowin);

13. um episodio de ensino envolve uma relagéo triadica entre
aluno, docente e materiais educativos, cujo objetivo é
levar o aluno a captar e compartilhar significados que
s80 aceitos no contexto da matéria de ensino (Gowin);

14. essa relacdo poderd ser quadratica na medida em que o
computador ndo for usado apenas como material
educativo;

15.a aprendizagem deve ser significativa e critica, ndo

mecénica (Moreira);

a aprendizagem significativa critica é estimulada pela

busca de respostas (questionamento) ao invés da

memorizagcdo de respostas conhecidas, pelo uso da
diversidade de materiais e estratégias instrucionais, pelo
abandono da narrativa em favor de um ensino centrado

no aluno (Moreira). [4]

funcionar como

10.

16.

Uma UEPS segue uma abordagem organizada em oito
passos, as quais orientam desde o planejamento até a
aplicagdo e avaliagdo do ensino, garantindo que os conteldos
sejam trabalhados de forma a promover a aprendizagem
significativa. Esses passos estdo detalhados na Tabela I,
evidenciando a sequéncia l6gica e estruturada proposta para
potencializar o aprendizado.

TABELA 1. Aspectos sequenciais da construgdo de uma UEPS.

Passos Descricao dos passos

1° passo Defini¢do do que vai ser ensinado

2° passo Levantamento dos conhecimentos prévio dos

alunos

3° passo Apresentacdo de situagdes problema em nivel
introdutério

4° passo Exposicao do contedido do geral para o particular

5° passo Aumentar a complexidade da exposi¢éo do

contetdo

6° passo Retomar os principais conceitos de forma
integradora

7° passo Avaliag¢do somativa individual

8° passo Avaliagdo final da UEPS
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No primeiro passo, Moreira [4] ressalta a relevancia da
selecdo do conteudo, enfatizando a necessidade de “definir o
topico especifico a ser abordado, identificando seus aspectos
declarativos e procedimentais tais como aceitos no contexto
da matéria de ensino [...]” (p.3).

Ja no segundo passo, 0 mesmo autor enfatiza a relevancia
de identificar os conhecimentos prévios dos alunos, uma vez
que é a partir deles que o novo contetdo poderd ser
relacionado de forma significativa. Para isso, 0 autor sugere
“criar/propor situagédo(¢des) — discussdo, questionario, mapa
conceitual, mapa mental, situacdo-problema, etc. — que
leve(m) o aluno a externalizar seu conhecimento prévio, [...]”
[4] (p-3).

Em seguida, no terceiro passo, salienta a importancia de
elaborar situacdes-problema introdutérias, articuladas ao
conhecimento prévio do aluno, de forma a criar as condi¢Oes
necessarias para a inser¢do do novo conteGdo: "propor
situacOes-problema, em nivel bem introdutério, levando em
conta o conhecimento prévio do aluno, que preparem o
terreno para a introducdo do conhecimento (declarativo ou
procedimental) que se pretende ensinar]...]” [4] (p.4).

Posteriormente, no quarto passo, Moreira [4] destaca que
o0 contetido deve ser apresentado do geral para o especifico,
“[...] comegando com aspectos mais gerais, inclusivos, dando
uma visdo inicial do todo, do que é mais importante na
unidade de ensino, mas logo exemplificando, abordando
aspectos especificos [...]" (p.4).

Quanto ao quinto passo, 0 autor ressalta que o professor
deve retomar os aspectos mais gerais do conteddo em uma
nova exposicdo, porém em um nivel mais alto de
complexidade:

“Em continuidade, retomar os aspectos mais gerais,
estruturantes (i.e., aquilo que efetivamente se pretende
ensinar), do contetdo da unidade de ensino, em nova
apresentacdo (que pode ser através de outra breve
exposicao oral, de um recurso computacional, de um
texto, etc.), porém em nivel mais alto de complexidade
em relacdo a primeira apresentacdo ” [4].

No sexto passo, Moreira [4] enfatiza a importancia da
reconciliacdo integradora no processo de aprendizagem:
“concluindo a unidade, dar seguimento ao processo de
diferenciacéo progressiva retomando as caracteristicas mais
relevantes do conteddo em questdo, porém de uma
perspectiva integradora, ou seja, buscando a reconciliacdo
integrativa” (p.4).

Ja no sétimo passo, o autor explica como deve ocorrer o
processo de avaliacdio dos alunos “A avaliagdo da
aprendizagem através da UEPS deve ser feita ao longo de sua
implementacdo, registrando tudo que possa ser considerado
evidéncia de aprendizagem significativa do conteldo
trabalhado; além disso, deve haver uma avaliacdo somativa
individual” [4] (p.4).

Por fim, no oitavo passo, Moreira [4] descreve como
verificar se a aplicagdo da UEPS foi bem-sucedida: “A UEPS
somente sera considerada exitosa se a avaliagdo do
desempenho dos alunos fornecer evidéncias de aprendizagem
significativa (captacdo de significados, compreensao,
capacidade de explicar, de aplicar o conhecimento para
resolver situagdes-problema)” (p.5).
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I11. METODOLOGIA DA PESQUISA

Partindo das ideias de Ausubel [3] e Moreira [4], buscou-se
estruturar, implantar e avaliar uma Unidade de Ensino
Potencialmente Significativa para ensinar 0s conceitos de
Evolucdo Estelar, que articulasse o professor, o aluno e o
material, de modo a considerar o conhecimento prévio do
aluno ao longo de todo o processo de ensino-aprendizagem.

O ensino desse conteddo fundamenta-se nos pressupostos
da BNCC [5] para o ensino de Ciéncias da Natureza e suas
Tecnologias, que em sua competéncia 2 afirma:

“Construir e utilizar interpretac@es sobre a dinamica
da Vida, da Terra e do Cosmos para elaborar
argumentos, realizar previsdes sobre o funcionamento
e a evolugdo dos seres vivos e do Universo, e
fundamentar decisdes éticas e responsaveis” [5].

A habilidade que estd diretamente relacionada a
competéncia 2 da BNCC [5] a ser desenvolvida com os
alunos é: “(EMI13CNT201) Analisar e utilizar modelos
cientificos, propostos em diferentes épocas e culturas para
avaliar distintas explicages sobre o surgimento e a evolucéo
da Vida, da Terra e do Universo” (p. 543).

A aplicacdo deste trabalho ocorreu em uma turma de 29
alunos da terceira série do ensino médio da Escola Estadual
Solon de Lucena, situada na cidade de Manaus. O
desenvolvimento da UEPS foi realizado ao longo de 10 aulas
de 48min.

Para a elaboracdo e organizacdo da sequéncia dos
conteudos, utilizou-se como referéncia o livro Astronomia
para Leigos, escolhido por apresentar, de maneira clara,
simples e objetiva, os conceitos relacionados a evolucéo
estelar. Além dessa obra, também foi consultado o
documentério The Universe: Life and Death of a Star,
produzido pelo canal History, que aborda como as estrelas
nascem e morrem.

A primeira aula foi utilizada para realizar o levantamento
dos conhecimentos prévios dos alunos: Os estudantes
responderam a um questionario composto por dez questoes,
elaborado com o objetivo de identificar seus conhecimentos
prévios sobre o tema abordado.

TABELA II. Questionario de conhecimentos prévios.

1. O que vocé imagina que acontece para que uma estrela
comece a brilhar?

2. O que vocé entende por nebulosa? O que vocé acha que ela
tem a ver com o nascimento de estrelas?

3. O que vocé acha que ocorre quando uma estrela comega a
brilhar pela primeira vez?

4. O que vocé sabe sobre o processo de fusdo nuclear em uma
estrela? Como vocé imagina que isso acontece?

5. O que vocé imagina que seja a sequéncia principal de uma
estrela? Como ela muda ao longo do tempo?

6. Vocé ja ouviu falar de uma gigante vermelha? O que acha
que isso significa?

7. O que vocé entende por supernova? Como vocé acha que
uma estrela pode explodir dessa forma?

8. Como vocé acha que uma estrela muito grande morre? O que
pode acontecer com ela?

9. O que vocé acha que ¢ uma estrela and branca? Como ela se
forma?
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10. Vocé ja ouviu falar de buracos negros? O que vocé imagina
que seja e como eles podem se formar?

Essa etapa inicial foi fundamental para avaliar o nivel de
familiaridade dos estudantes com o0s conceitos a serem
trabalhados ao longo da Unidade de Ensino Potencialmente
Significativa (UEPS).

Na segunda aula, foram apresentadas situagdes-problema
em nivel introdutério: a) qual é o elemento quimico mais
abundante no universo? b) os elementos quimicos podem se
combinar para formar outro elemento quimico? c¢) quais sao
as trés particulas que formam o 4tomo? d) a gravidade € uma
forca atrativa ou repulsiva? e) a temperatura de um corpo tem
alguma relacdo com sua pressdo? f) dois corpos de mesmo
tamanho possuem a mesma quantidade de matéria? As
situagBes propostas foram discutidas em grande grupo, com
a mediacdo do docente, sem a necessidade de se chegar auma
resposta definitiva.

Durante a terceira, quarta e quinta aulas, foi realizada a
exposicao do contetido de forma progressiva, do geral para o
particular. Inicialmente, foram abordados os conceitos gerais
sobre a evolucdo estelar, incluindo nebulosas, estrelas da
sequéncia principal, ands brancas, estrelas de néutrons,
supernovas e buracos negros. A apresentacdo desses temas
foi realizada por meio de videos selecionados do YouTube,
proporcionando uma abordagem visual e dindmica para
facilitar a compreensédo dos alunos.

Ap0Os a exposicdo do conteddo, os alunos se organizaram
em pequenos grupos e tiveram a tarefa de elaborar um resumo
gue representasse 0s conceitos aprendidos. Em seguida, cada
grupo trocou os resumos entre si, permitindo que analisassem
e refletissem sobre diferentes interpretaces do tema. Com a
mediacdo do professor, 0s grupos apontaram possiveis
melhorias nas produgBes, promovendo um processo
colaborativo de aprendizado e refor¢cando a construcdo do
conhecimento de maneira significativa.

Na sexta e na sétima aula, foi aumentada a complexidade
da exposicdo do contedido. Para ampliar a complexidade da
exposicdo dos conceitos estudados, o professor retomou 0s
principais topicos por meio de slides, revisando os contetdos
abordados anteriormente. Apds essa retomada, os alunos
foram convidados a elaborar resumos sobre a temética.

J& na oitava e nona aula foram retomados 0s principais
conceitos de forma integradora: Nesta etapa, os alunos foram
desafiados a produzir materiais didaticos para explicar a
evolugdo estelar como forma de consolidar e integrar os
principais conceitos aprendidos ao longo das aulas. A
atividade permitiu que os alunos expressassem, de maneira
articulada, as relacBes entre o0s temas estudados,
demonstrando sua compreensdo e capacidade de conexdo
entre os conteidos.

Na décima aula, foi realizada uma avaliacdo somativa
individual para medir o progresso dos alunos, nessa etapa foi
aplicado novamente 0o mesmo questionario da avaliacéo
diagnéstica realizada na primeira aula. O objetivo dessa etapa
é verificar se houve avanco na compreensdao dos conceitos
abordados ao longo das aulas, permitindo uma anélise
comparativa do aprendizado. Portanto, essa avaliacdo
possibilitou identificar quais aspectos foram assimilados
pelos estudantes e quais ainda necessitam de reforco,
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contribuindo para o aprimoramento do processo de ensino e
aprendizagem.

Para avaliar a eficAicia da Unidade de Ensino
Potencialmente Significativa (UEPS), o professor analisou as
producdes realizadas ao longo das aulas pelos alunos e os
resultados do questionario ap6s a aplicacdo da metodologia
para verificar se o objetivo da UEPS foi atingido. Essa etapa
permitiu compreender o impacto da metodologia no
aprendizado, identificar possiveis melhorias e ajustar futuras
aplicagdes para otimizar o processo de ensino.

IV. METODOLOGIA DE ANALISE

Para analisar as respostas dos alunos nos pré e pés-testes,

adotou-se a metodologia de anélise de contelido proposta por

Bardin [6], que permite sistematizar e interpretar os dados de

forma criteriosa. Inicialmente, todas as respostas foram

coletadas e organizadas em uma planilha, garantindo a

preservacao do conteddo original para posterior avaliacéo.

Em seguida, procedeu-se a leitura exaustiva das respostas,
com o objetivo de identificar padr@es, ideias recorrentes,
divergéncias e possiveis concepgdes prévias dos estudantes.
Esse processo envolveu a identificacdo de unidades de
analise, entendidas como trechos de texto que expressavam
uma ideia completa ou relevante sobre o tema da evolugéo
estelar.

A etapa seguinte consistiu na categorizacao das respostas.
Para isso, foram estabelecidos quatro critérios principais:

e Categoria A — Respostas cientificas: explicagdes que
demonstram compreensdo substancialmente adequada e
fundamentada sobre o processo de evolucdo estelar,
alinhadas com o conhecimento cientifico atual.

e Categoria B — Respostas parcialmente cientificas:
explicacBes que apresentam alguns conceitos corretos,
mas ainda contém lacunas ou imprecisdes.

e Categoria C - Concepcles alternativas: respostas
baseadas em ideias equivocadas ou interpretacdes
errbneas do conteddo em relagdo ao conhecimento
cientifico, muitas vezes associadas a concepgoes prévias
arraigadas no senso comum.

e Categoria D — Respostas em branco ou sem relagdo com
0 tema: auséncia de resposta ou respostas desconectadas
da tematica proposta.

Ap6s a definigdo das categorias, cada resposta foi
cuidadosamente atribuida a uma delas, considerando tanto a
consisténcia das ideias apresentadas quanto a preciséo
cientifica. Em casos de ddvida ou respostas ambiguas,
realizou-se uma segunda analise para assegurar a
confiabilidade da categorizacao.

Apobs a categorizacdo, foi realizada uma comparacao
entre as respostas do pré-teste e do pds-teste, com o intuito de
verificar possiveis avangos conceituais dos alunos ao longo
da aplicacdo da UEPS. Essa comparacdo permitiu observar se
0s estudantes migraram de categorias com concepcoes
alternativas ou incompletas para categorias mais proximas do
discurso cientifico.
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Por fim, os dados obtidos possibilitaram avaliar se a
proposta de ensino contribuiu para uma aprendizagem
significativa, conforme os pressupostos tedricos de Ausubel,
evidenciando mudancas qualitativas nas formas de
compreender o contelido de Evolucéo Estelar.

V. ANALISE DOS QUESTIONARIOS

No total, 29 alunos participaram da aplicacdo da Unidade de
Ensino Potencialmente Significativa (UEPS) sobre evolugéo
estelar. Entretanto, em virtude da infrequéncia escolar
registrada ao longo do processo, apenas 15 discentes
acompanharam integralmente todas as etapas propostas.
Considerando que a participacdo continua é condicdo
essencial para que os dados obtidos possam refletir de
maneira mais fidedigna o impacto da intervencdo
pedagdgica, optou-se por restringir a analise aos resultados
desse grupo.

Além disso, a fim de evitar que a exposi¢ao das respostas
dos alunos se tornasse demasiadamente extensa e
comprometesse a objetividade do trabalho, optou-se por
apresentar, de maneira geral, os resultados obtidos pelos 15
estudantes participantes. Em seguida, foi feito um recorte
mais detalhado a partir das respostas de um estudante
especifico, analisando-se o desempenho no pré e no pds-teste.
A escolha desse caso se fundamentou no critério de maior
evolucdo conceitual identificada, pois ele permite evidenciar
de forma clara e consistente o potencial da UEPS para a
promocéo da aprendizagem significativa.

Apos a aplicacdo do pré-teste, este foi analisado e as
respostas foram classificadas, com base na analise de
contedo de Bardin, em quatro categorias: (A) resposta
cientifica, (B) resposta parcialmente cientifica, (C)
concepcOes alternativas — respostas baseadas em ideias
equivocadas ou interpretacdes erréneas do conteudo, e (D)
Respostas em branco ou sem relagdo com o tema.

Foram analisadas as respostas de 15 alunos no pré-teste,
composto por 10 questdes, totalizando 150 respostas. Destas,
5 (3%) foram classificadas como respostas cientificas; 32
(21%) como parcialmente cientificas; 54 (36%) como
respostas com concepcao alternativa; e 59 (40%o) ficaram em
branco ou sem relacdo com o tema, conforme ilustrado na
figura (1).

PRE-TESTE
80
60 36% 40%
40 21%
20 3%
0

Categoria A Categoria B Categoria C Categoria D

FIGURA 1. Gréfico do resultado do pré-teste.
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Com base nos resultados do pré-teste, observa-se que 113
respostas (76%o) foram classificadas nas categorias C e D, 0
que evidencia que muitos conceitos relacionados a evolucédo
estelar eram desconhecidos pelos alunos.

Apos a aplicacdo da unidade de ensino potencialmente
significativa, foram analisadas as 150 respostas dos
estudantes no pos-teste. Do total, 63 (42%) foram
classificadas como respostas cientificas, 26 (17%) como
parcialmente cientificas, 19 (13%) como concepgdes
alternativas e 42 (28%) ficaram em branco ou sem relacdo
com o tema, conforme ilustrado no gréfico 2.

POS-TESTE
80
42%
60
28%
40 17%
13%

20

0

Categoria A Categoria B Categoria C Categoria D

FIGURA 2. Gréfico do resultado do pos-teste.

A comparacdo entre os resultados do pré-teste e do pds-teste
evidencia avangos  significativos na aprendizagem
significativa dos estudantes. No pré-teste, apenas 5 respostas
(3%) foram classificadas como cientificas, enquanto no p6s-
teste esse ndmero aumentou para 63 respostas (42%),
indicando uma melhora expressiva na compreensdo dos
conceitos de evolucdo estelar. As respostas parcialmente
cientificas também apresentaram bom resultado, passando de
32 (21%) para 26 (17%), mantendo-se em um patamar
relevante de transicdo entre concepgdes alternativas e
cientificas.

Por outro lado, houve uma reducdo acentuada das
respostas associadas a concepces alternativas, que cairam de
54 (36%b) no pré-teste para 19 (13%6) no pds-teste. Da mesma
forma, o nUmero de respostas em branco ou sem relagcdo com
o0 tema, que inicialmente era de 59 (40%), diminuiu para 42
(28%).

Esses dados, tomados isoladamente, ndo garante que 0s
alunos desconstruiram suas concepgOes alternativas, mas
indicam que € possivel que nesse contexto possam ter tido
algum grau de consciéncia sobre os limites de suas
concepcdes no contexto de uma aula de Ciéncias.

Nesse sentido, € importante ressaltar que a consolidagdo
de conceitos em um determinado conteddo constitui um
processo continuo, longo e gradativo.

Verificou-se que diversos alunos apresentaram evolucéo
conceitual ao longo do processo avaliativo, evidenciando
avangos significativos em relagdo aos contetidos trabalhados.
Entre esses casos, destaca-se o desempenho da aluna
identificada como T701, que obteve resultados expressivos
no pds-teste, significativamente superiores aos registrados no
pré-teste, conforme ilustrado nas tabelas 3 e 4.
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TABELA I11. Respostas do pré-teste (aluna T701).

Q Resposta Cat.
1 | Inicia um processo que da "vida" a uma | C

estrela.
2 | Uma formagdo da "poeira” estelar que faz B
surgir as estrelas.
3 | Acho que é assim como elas surgemesdo | C
consideradas estrelas.
4 | Acho que é uma reacéo quimica/fisicade | C
uma estrela ao entrar em contato com uma
outra estrela ou corpo estrelar na galaxia.

5 | Uma estrela nasce, brilha no espaco e | C

Pré-
morre
teste
6 | Um corpo estelar de grande tamanho e B
vermelho.

7 | Talvez seja a expansdo ou explosdo de
uma estrela por algum processo ou fase | B

dela.
8 | Morre quando para de brilhar. C
9 | Umaestrela mais pequena ou diferente das c
estrelas.

10 | Sim, acho que é um espago vazio na
galaxia que leva consigo tudo o que | C
encontre no seu caminho.

Fonte: Elaborado pelo autor (2025).

A analise comparativa entre as respostas apresentadas no
pré-teste e no pds-teste pela aluna T701 evidencia uma
evolucdo conceitual significativa. No pré-teste, suas
respostas demonstravam concepcbes simplificadas e, em
alguns casos, proximas ao senso comum, situando-se
predominantemente nas categorias B e C, o que indica
compreensdo inicial, mas ainda marcada por lacunas
conceituais sobre a formacéo, a evolucéo e o ciclo de vida das
estrelas.

TABELA 1V. Respostas do pés-teste (aluna T701).

Q Resposta Cat.
1 | Ocorre a fusdo nuclear, que junta dois | A
atomos, criando um novo elemento
que libera energia que faz a estrela
brilhar.

2 | Anebulosa é poeira estelar que, aoser | A
juntado pela gravidade, surgem as
estrelas.

3 | Comega a brilhar pela energia que é | A
liberada pela fusdo nuclear.
4 | Quando dois atomos se juntam | A
criando um novo elemento. Esse
processo libera energia, fazendo a
estrela brilhar.

5 | Ela nasce pela nebulosa, comeca a| B
brilhar pela fusdo nuclear e
finalmente morre ao ficar sem
hidrogénio.

6 | Quando uma estrela (grande ou
pequena) cresce devido a falta de | B

Pés-
teste

hidrogénio)

http://www.lajpe.org



Unidade de Ensino Potencialmente Significativa para o estudo da Evolugéo Estelar no Ensino Médio

7 | E uma explosdo que ocorre com as
estrelas grandes, apos estas entrar na | A
fase de super gigante vermelha.
8 |Uma estrela grande explode
(supernova). Uma vez tenha
acontecida essa explosdo pode correr
duas coisas: Se transforma em uma
estrela de néutrons ou se torna um
buraco negro.
9 |Uma and branca é a Ultima fase de
uma estrela pequena. Ela cresce,
virando uma gigante vermelha, soO
para virar uma Ana branca depois
Um buraco negro surge ap6s uma
supernova.

Fonte: Elaborado pelo autor (2025).

No pos-teste, observa-se um avanco substancial na
qualidade das respostas. A aluna passou a utilizar explicaces
mais  estruturadas, incorporando termos cientificos
adequados, como “fusao nuclear”, “supernova”, “and branca”
e “buraco negro”, além de relacionar corretamente os
fen()menos fisicos envolvidos na formacédo e no fim da vida
estelar. Suas respostas migraram majoritariamente para a
Categoria A, revelando compreensdo mais consistente dos
conceitos.

Esse progresso demonstra ndo apenas a apropriacéo de
conceitos fundamentais da evolugdo estelar, mas também a
efetividade da estratégia pedagdgica empregada, reforcando
0 potencial da UEPS na promocdo da aprendizagem
significativa. A trajetoria da aluna evidencia que a abordagem
favoreceu a superacdo de concepgdes alternativas e a
consolidacdo de uma visdo cientifica mais proxima da
explicacdo aceita pela comunidade académica.

10 A

VI. ANALISE DAS PRODUCOES ELABORADOS
PELOS ALUNOS DURANTE A APLICACAO DA
UEPS

Moreira [4] ressalta que a avaliagdo dos alunos ndo deve se
restringir ao carater somativo, mas também contemplar o
aspecto formativo: “a avaliagdo do desempenho do aluno na
UEPS devera estar baseada, em pé de igualdade, tanto na
avaliagdo  formativa  (situacOes, tarefas resolvidas
colaborativamente, registros do professor) como na avalia¢do
somativa” (p.5). Nesse sentido, durante a aplicagdo da
Unidade de Ensino Potencialmente Significativa (UEPS),
foram propostas aos alunos tarefas com o objetivo de
verificar a compreensao dos contetdos trabalhados.

O professor sugeriu diferentes tipos de tarefas — como
maquetes, poesias, cartazes, apresentacdes digitais, mapas
conceituais, experimentos, historias em quadrinhos, entre
outras, mas também concedeu aos alunos a liberdade de
escolher outros recursos didaticos. Além disso, tiveram
autonomia quanto & forma de realizacdo da atividade,
podendo optar pelo trabalho individual ou em grupos de até
quatro integrantes.

A figura 3 apresenta o desenvolvimento de uma histéria
em quadrinhos criada por uma aluna com o objetivo de
explicar a evolucdo estelar. Essa producdo evidencia, de
Lat. Am. J. Phys. Educ. Vol. 19, No. 4, Dec., 2025
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forma clara, que a aprendizagem foi alcancada de maneira
significativa. Isso se confirma pelo fato de que a estudante
conseguiu transpor o contetdo assimilado para um novo
contexto, diferente daquele em que foi inicialmente ensinado.

Ao utilizar uma linguagem visual e narrativa propria das
histérias em quadrinhos, a aluna demonstra ndo apenas
compreensdo conceitual sobre o ciclo de vida das estrelas,
mas também a habilidade de reorganizar e representar esse
conhecimento de forma criativa. Essa capacidade de
recontextualizagdo é um indicativo importante de
aprendizagem significativa, pois mostra que o contetdo foi
incorporado de modo estruturado a sua rede de
conhecimentos prévios, permitindo sua mobilizacdo em
diferentes situacGes.
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FIGURA 3. Histéria em quadrinho para a explica¢do da evolugéo
estelar.

A figura 4 apresenta a producéo de uma poesia elaborada por
um grupo de 4 alunos com a finalidade de explicar a evolugéo
estelar. A atividade também evidencia que a aprendizagem
foi alcancada de forma significativa, uma vez que os alunos
foram capazes de reinterpretar e reorganizar as informacGes
adquiridas em sala de aula, expressando-as por meio de uma
linguagem poética. Ao utilizar metaforas, rimas e
construgbes simbdlicas, o0s estudantes mostram que
compreenderam o ciclo de vida das estrelas e conseguiram
integra-los a sua estrutura cognitiva.

Esse tipo de transposi¢do para um novo contexto no caso,
o literario indica que o conhecimento ndo foi apenas
memorizado, mas internalizado de maneira significativa. A
poesia, assim, torna-se uma evidéncia concreta de que o
contetdo foi compreendido, ressignificado e comunicado.

Outro grupo desenvolveu uma maquete para representar a
evolucdo estelar, conforme ilustrado na figura 5. O trabalho
chama a atencéo pela forma como combina elementos visuais
e estruturais para explicar o ciclo de vida das estrelas.

Os estudantes utilizaram materiais simples para ilustrar as
diferentes fases do processo estelar, do nascimento em
nebulosas até o colapso final em anas brancas, estrelas de
néutrons ou buracos negros. Mais do que uma representagao
fisica, a maquete evidencia a capacidade dos alunos de
organizar, sintetizar e comunicar o contetdo aprendido de
forma coerente e didatica.
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FIGURA 4. Explicacéo do ciclo de uma estrela por meio de poesia.

Essa atividade revela que a aprendizagem foi significativa,
pois os alunos ndo apenas reproduzem informagdes, mas
transformaram o conhecimento adquirido em uma
representacdo concreta. A construgdo da maquete exigiu
planejamento, compreensdo das etapas do fendmeno e
articulagdo entre teoria e pratica, aspectos fundamentais para
gue o novo conteldo se integrasse de forma duradoura a sua
estrutura cognitiva.

FIGURA 5. Maquete para explicacdo da evolucao estelar.
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Ja o ultimo grupo elaborou um cartaz, conforme ilustra na
figura 6, com o objetivo de explicar as fases da vida de uma
estrela. O material foi dividido em se¢des visuais que
retratam desde a formacgdo estelar nas nebulosas até os
estagios finais, como and branca, supernova ou buraco negro.
A atividade serviu como uma forma de reforcar a
aprendizagem, pois exigiu que os estudantes reinterpretassem
0 que haviam aprendido em sala e transformassem esse
conhecimento em linguagem visual e explicativa. Esse tipo
de transposicdo indica que a informacgdo foi integrada a
estrutura cognitiva dos alunos, permitindo uma compreenséo
mais profunda e duradoura.
Assim, 0 cartaz ndo apenas ilustra o contetdo, mas
confirma que a aprendizagem foi construida de maneira ativa
e significativa, como propde a teoria de Ausubel.

FIGURA 6. Cartaz para explicagdo da evolucdo estelar.

Além da apropriacdo conceitual, observou-se uma evolugao
na forma como os estudantes perceberam e vivenciaram o
préprio processo de aprendizagem. As atividades propostas
estimularam o desenvolvimento de competéncias como
autonomia, criatividade, colaboracdo e capacidade de
expressdo em diferentes linguagens. Tais aspectos
evidenciam que a metodologia adotada ndo apenas favoreceu
a construgdo significativa do conhecimento, mas também
contribuiu para a formacdo dos alunos, respeitando suas
individualidades e incentivando a participagdo ativa no
processo educativo.

VIl. CONCLUSAO

A aplicacdo da Unidade de Ensino Potencialmente
Significativa (UEPS) revelou-se uma metodologia eficaz
para promover a aprendizagem significativa do contetdo
relacionado a evolucdo estelar. Ao articular conhecimentos
prévios dos alunos com novas informagdes, a UEPS
favoreceu ndo apenas a assimilacdo dos conceitos, mas
também a sua reinterpretagdo em diferentes linguagens e
formatos.
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A andlise dos dados obtidos por meio do questionario
demonstrou que diversos alunos migraram das categorias de
compreenséo cientifica parcial (B), concepcéo alternativa (C)
e resposta em branco ou fora do tema para a categoria de
compreensdo cientifica (A), indicando um avanco
significativo na assimilagdo do contedo. Esse resultado
evidencia a eficacia da Unidade de Ensino Potencialmente
Significativa como recurso didatico para promover a
aprendizagem significativa sobre a temética da evolucéo
estelar.

Além disso, ao longo da aplicacdo da metodologia, 0s
alunos produziram cartazes, maquetes, poesias e histérias em
quadrinhos, o que permitiu identificar avangos concretos na
compreensdo conceitual dos conteldos abordados. Esses
resultados indicam que os estudantes foram capazes de
integrar o novo conhecimento a sua estrutura cognitiva de
forma ndo arbitraria e ndo literal, em consonancia com os
principios da aprendizagem significativa propostos por
Ausubel [3].

Dessa forma, conclui-se que a proposta metodoldgica
adotada néo apenas favoreceu o desenvolvimento cognitivo
dos estudantes, como também estimulou sua criatividade,
autonomia e capacidade de expressdo. A UEPS, nesse
contexto, mostrou-se uma ferramenta relevante para o ensino
de Fisica. Contudo, ressalta-se a necessidade de novas
pesquisas sobre a temética, a fim de aprofundar a anélise e
verificar de maneira mais ampla sua validade e
aplicabilidade.

Além disso, recomenda-se que o presente estudo seja

ampliado para outros niveis de ensino, como o fundamental
e o superior, a fim de investigar a eficacia da Unidade de
Ensino Potencialmente Significativa (UEPS) em diferentes
faixas etarias e contextos educacionais. Também é pertinente
explorar sua aplicacdo em outras modalidades de ensino,
como a educacdo de jovens e adultos (EJA), a educacdo
profissional e técnica, e até mesmo em contextos de ensino
remoto ou hibrido.
As revisdes da literatura indicam que as Unidades de Ensino
Potencialmente Significativas (UEPS) tém contribuido
significativamente para o ensino de diversas areas da Fisica.
O presente estudo apoia essa ideia e fornece resultados
relevantes sobre o ensino de Evolugéo Estelar mediado por
uma UEPS no contexto do Ensino Médio.
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