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Abstract

By using the generalized Bopp's shift method, conventional perturbation theory, and the Greene-Aldrich approximation to
handle the centrifugal term, we have studied improved energy-dependent screened Coulomb potential model in three-
dimensional non-commutative phase-space in the framework of deformed Schrédinger equation (DSE). We discovered the new
energy eigenvalues of neutral and Hydrogenic atoms. The obtained eigenfunctions were a function of the discrete atomic
quantum numbers (j, [, s, and m), the gas state, the non-commutativity parameters (0,5), and the dimensional parameters of
the standard energy-dependent screened Coulomb potential (g, A, a), which shows the depth of the potential, the energy slope
parameter, and the potential range. The associated Hamiltonian operator, combining the standard energy-dependent screened
Coulomb potential Hamiltonian operator with three additional operators, the perturbed spin-orbit interaction, we have
confirmed the new modified Zeeman operator and the perturbative Fermi gas. By altering a few potential parameters, we
explore two exceptional situations to demonstrate the precision of our results. We think this is the development of hydrogen
atom devices and atomic physics.

Keywords: Schrddinger equation, Energy-dependent screened Coulomb Potential, Non-commutative phase-space,
Generalized Bopp’s shift method, Star product, Non-commutative phase-space.

Resumen

Utilizando el método de desplazamiento de Bopp generalizado, la teoria de perturbaciones convencional y la aproximacion de
Greene-Aldrich para manejar el término centrifugo, hemos estudiado un modelo mejorado de potencial de Coulomb apantallado
dependiente de la energia en un espacio de fases no conmutativo tridimensional en el marco de la ecuacién de Schrodinger
deformada (DSE). Descubrimos los nuevos autovalores de energia de atomos neutros e hidrogénicos. Las funciones propias
obtenidas fueron una funcion de los nimeros cuanticos atémicos discretos (j, I, s y m), el estado gaseoso, los parametros de no
conmutatividad (®, ~0) y los parametros dimensionales del potencial de Coulomb apantallado dependiente de la energia
estandar (g, A, o), que muestra la profundidad del potencial, el pardmetro de pendiente de energia y el rango del potencial. El
operador hamiltoniano asociado, que combina el operador hamiltoniano del potencial de Coulomb apantallado dependiente de
la energia estandar con tres operadores adicionales, la interaccion espin-orbita perturbada, hemos confirmado el nuevo operador
Zeeman modificado y el gas de Fermi perturbativo. Al modificar algunos parametros potenciales, exploramos dos situaciones
excepcionales para demostrar la precision de nuestros resultados. Creemos que se trata del desarrollo de dispositivos basados
en atomos de hidrégeno y de la fisica atémica.

Palabras clave: Ecuacion de Schrodinger, Potencial de Coulomb apantallado dependiente de la energia, Espacio de fases no
conmutativo, Método de desplazamiento de Bopp generalizado, Producto estrella, Espacio de fases no conmutativo.

I. INTRODUCTION

It is known that exact solutions of the non-relativistic state of
the Schrddinger equation (SE), Klein-Gordon equation
(KGE), and Dirac equation (DE) were achieved exclusively
in the two aspects of the harmonic oscillator and the hydrogen
atom. In the past years, many researchers have investigated
SE, KGE, and DE using many methods, including the
Nikiforov-Uvarov method, asymptotic iteration method,
supersymmetric quantum mechanics, factorization method in
guantum mechanics, and functional analysis method, to solve
many problems for example,, the Hulten potential [1], the
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Eckart potential [2], the hyperbolic potential [3], the Poschel-
Teller potential [4], and the generalized hyperbolic potential
model [5]. The Yukawa potential is considered one of the
most important potentials, which attracted researchers to
study it because it contains profound applications in many
fields. This potential, also known as the static screened
Coulomb, the Debye-Hiickel, or the Thomas-Fermi [6], is an
approximate solvable potential often used to compute bound-
state normalizations and energy levels of neutral atoms [7, 8,
9, 10]. These potentials have received considerable attention
since the early days of quantum mechanics because of the
wide range of applications previously mentioned, they have
been considered one of the oldest pieces of knowledge since

http://www.lajpe.org



1935 by researchers and the latest interest in the microscopic
scale [10, 11, 12, 13]. Furthermore, this potential also plays
an important role in plasma physics, known as the Debye-
Huckel potential. In addition to these obvious physical
applications, this potential, together with Hulthen's and the
exponential potential, plays an essential role as a good test
case in potential scattering studies [14, 15, 16, 17].
Furthermore, it is used to compute bound-state
normalizations and energy levels of neutral atoms, and it is
also used in dusty or complex plasma and colloidal
suspensions [18]. The study of the Yukawa potential still
receives excellent attention from many authors [19, 20, 21,
22]. In 2017 and 2020, we studied the Yukawa potential and
the perturbed Yukawa potential in non-commutative, non-
relativistic quantum mechanics and relativistic contexts using
Bopp’s shift method parameter for one-electron atoms [23,
24]. Recently, we have studied hydrogen-like atoms (or
hydrogenic atoms) such as (He*, Li**and Be3*) under an
improved trigonometric Rosen-Morse potential model in the
3D-NCPS Symmetries [25]. In particular, the Yukawa
potential describes the interactions of hydrogen-like atoms
[24]. Many researchers in the fields of physics and chemistry
have also devoted great attention to studying the non-
relativistic and relativistic dynamical quantum systems of the
energy dependence of variant potentials, for example, the
energy-dependent screened Coulomb potential [26]. This
work, motivated by several recent studies such as the non-
renormalizable standard model, string theory, quantum
gravity, and NCQM, has attracted much attention [27, 28, 29,
30, 31, 32, 33, 34, 35, 36]. In 1930, Heisenberg introduced
the idea of non-commutativity, which was formalized by
Snyder in 1947. We want to extend the study in Ref. 26 to the
case of NR-NCQM to explore the possibility of finding other
new applications and more profound interpretations of the
subatomic scales under improved energy-dependent screened
Coulomb potential. The non-relativistic energy levels of
hydrogen atoms and neutral atoms such as (?*Na, *2Ca, 158Au)
atoms, which interacted with improved energy-dependent
screened Coulomb potentials with arbitrary angular momenta
in the context of 3D-NCPS symmetries, have not yet been
studied. The major objective of the present paper is to obtain
approximate solutions of the DSE with an improved energy-
dependent screened Coulomb potential in 3D-NCPS
symmetries using the improved approximation scheme to the
centrifugal term for [ # 0 states and the generalized Bopp
shift method, in addition to the standard perturbation theory.
We believe that no researcher has realized this research so
far. The new symmetries have a twofold effect, the energy-
dependent directly influences the first screened Coulomb
potential V,..(r), which takes on a new form (we depend on
the system of natural units in this research c=#%=1):

BE) = Vese () — AQL + gE) Z25 (@ +2) LG, (1)

2r2
The first term [26] V.. () is given by:

A(1+gEp) exp(—ar)
Vise (r) = — 203eED e Car) ()
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which defines the energy-dependent screened Coulomb
potential. Here A and g are the potential depth, and the

energy slope parameter is the range of the potential and the
distance between the two particles I . As for the second part
of the effect of topological defects, it is of a phased nature,
that is, it is on the kinetic energy known in the literature to
become as follows:
4 BL

2u 2u 2 + 2 @)
The new couplings (L® and OL) will be defined in Sect. 3.
While (A,.,A) are the Laplacian operators in 3D-NCPS

symmetries and the usual quantum mechanics. Furthermore,
the second part of Eq. (1) denotes the influence of the non-
commutativity proprieties on the standard energy-dependent

-

screened Coulomb potential. Moreover (— 2—;) is the change

applied to the operator of kinetic energy due to the influence
of the non-commutativity proprieties. The current work will
study the effect of non-commutativity properties on the
potential and the kinetic energy using the generalized Bopp’s
shift method (see the third section). The structure of non-
relativistic non-commutative quantum mechanics based on
NC time-independent canonical commutation relations in
Schrodinger picture (SP), Heisenberg picture (HP), and
interactions picture (IP), respectively, as follows [37, 38, 39,
40, 41, 42, 43, 44, 45, 46, 47]:

A A
_ _Anc

[2#; 7] = [R* ()" (O] = [%] (©); B (O] = ih*/T 6+,
(4)
(2 2] = [#4(©); 2V (O] = [ @) 27 (O] = i6*, (5)

and

[p*5Y] = [p*(0); 9" (O] = B O @) pY (O] = 8", (6)

where the indices w,v =1,3, A/ = h(1+%) is the
effective Planck constant. The two infinitesimal parameters
(B”V,EW)ES‘“’(B,E) (If compared with energy) are
present two antisymmetric elements real matrices with
dimensions of the square length and square momentum,
respectively, and the notion §*¥ denote to the Kronecker
symbol. Furthermore, (x) denote the star product that is
generalized between two arbitrary functions (f, g) (x,p) to
the new form (f§)(®,p) = (f * g)(x,p) in 3D-NCPS
symmetries as follows [48, 49, 50, 51, 52, 53, 54, 55, 56, 57,
58]:

i af af i=HvV 3F of
(= 9)Gp) = (fg =30 525530 qaze) Cop)
)

This permuted us to construct a scale of two space and phase

3 —3/2
cells with volumes 13, = 0z and l;"lcp =0 / , respectively.
On the other hand, Eq. (7) enables us to satisfy the
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hypothesized algebra in Egs. (4), (5) and (6). The second and
third terms in the above equation are the effects of (space-
space) and (phase-phase) non-commutativity properties,
respectively. This means that the principle of uncertainty for
Heisenberg is generalized to include other new uncertainty:

AU ARV | |

uv
|azeaz”| 2 2 |4pHapY|

and

(8)

related to the positions ()?”, XV) and corresponding momenta

(f)", ﬁ”), respectively, in addition to the usual uncertainty
known in the literature:

SHVR . R sHvpeff
|Ax4p| = — = |[AzH*4pY| = r

©)

of ()?“, f)") coordinates which are known in the literature.
However, the operators £(t) = (&* v p*)(t) and £ (t) =
(=Fvp)() in both two representations (HP and IP),
respectively, depending on the corresponding usual

operator ;¢ = X; V p; , in SP which known in the literature,
as follows:

fH (t) = exp(iﬁescT) 55 (t) exp( iﬁescT)

EL) = exp(iHECT) * EE(t) * exp(—iHET),  (10)
and
& = exp(iﬁeSCT) &8 exp(—iHE*T)
= &'(t) = exp(iAEST) * EF * exp(—iHEST). (11)

Here T =t — t,, fs =xk Vv pH, EE(0) = (x* v pH)(t) and
&) = (xf' vpl')(©) are just the physical values in the
usual QM symmetries. The operators (HSC,HES) and
( H,sc, HE) are the standard and free quantum Hamiltonian
for energy-dependent screened Coulomb in the are the
corresponding Hamiltonian operators for improved energy-
dependent screened Coulomb in 3D-NCPS and QM
symmetries respectively. The motion equations of dynamic
fH( ) . é’H( ) of the

systems in QM will change to the form
symmetrles of 3D-NCPS as follows:

O &l (t)
gt —i[¢ (), Hyp] + g
dSH(t) 65H(t)_

i) Y] + (12)
The structure of the current paper is as follows: The ordinary
SE with energy-dependent screened Coulomb based on Ref.
26 is briefly discussed in the next section. In Section 111, we
study the DSE using the generalized Bopp shift method for
an improved energy-dependent screened Coulomb potential.
Then, using standard perturbation theory, we find the
corrected quantum spectrum of (n,1,m)t" excited levels
induced with the help of spin-orbit interaction within the
context of the local 3D-NCPS symmetries. Then, we
calculate the magnetic and Fermi gas spectrum with
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enhanced energy-dependent screened Coulomb. In Section
IV, we continue discussing the global spectrum, the related
NC Hamiltonian operator, and the energy levels of the neutral
atoms (¥®Na, 2Ca, 8Au) and hydrogen-like atoms (He™,
Li**, B,3*) for an improved energy-dependent screened
Coulomb potential. Finally, we summarize our work and give
concluding remarks in Section V.

II. A BRIEF REVIEW OF THE EIGEN-
FUNCTIONS AND THE ENERGY EIGEN-
VALUES FOR STANDARD ENERGY DEPENDED
SCREENED COULOMB POTEN-TIAL IN 3D-QM
SYMMETRIES

The study of the SE for the energy-dependent screened
Coulomb potential V(r,E,;) in ordinary non-relativistic
guantum mechanics is an essential source of understanding
of this system in the symmetries of 3D-NCPS, we will devote
this section to this purpose. Ref. [26] gives the version of the
energy-dependent screened Coulomb potential determined in
Eqg. (2). Since the energy-dependent screened Coulomb
potential has spherical symmetry, allowing the solutions of
the time-independent Schrodinger equation of the known

form‘P(r,a,(p):R%(r)Ylm(G,cp), to separate the radial

R, (r) and angular Y™(6, ¢) parts of the wave function.
Thus, the radial part becomes the following.

ERuD 1 o (Enl = Vg (r, En) ) Ru() =0 (13)
Here
_ A(+gEp)exp(—ar) | l(1+1)
ee;jf(?”, Ey) = - z nlrexp = 2ur? (14)

Here V77 (r, Ey,) is the effective potential, u is the reduced
mass, E,; are the eigenvalues of the energy-dependent
screened Coulomb potential model, while n and [ are the
radial and orbital angular momentum quantum numbers. Ref.
[26] gives the complete wave function as a function of the
Jacobi polynomial and the spherical harmonic functions:

2, <2 /512[1,261—1>

¥ (r,0,¢) = By —— (1 - 2)° P, (1-
22)Y"(6,¢),  (15)
with
z = exp( — 2ar),
=05 (16

G =1/2+J%+1(1+1)
while B,,; is the normalization constant. Therefore, Ref. [26]

gives the discrete energy eigenvalues of the energy-
dependent screened Coulomb potential as a function of the
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principal quantum number and the angular momentum
quantum number I

el 12+ 1A+ D\’

En ==\ _ ___waa+genp l(m) (A7)
a(n+1/2+1/4+1(1+1))
III. METHOD AND THEORETICAL
APPROACH

A. Solution of DSE for the improved energy-dependent
screened Coulomb potential

In this subsection, we will provide an overview or a brief
introduction to the improved energy-dependent screened
Coulomb potential V,£5¢(r, E,,;), in 3D-NCPS symmetries. To
perform this task in the physical form of DSE, it is necessary
to replace ordinary three-dimensional Hamiltonian operators

Hosc(pu x,), the ordinary complex wave function'P(?),
and E,; (in QM-symmetries) with three Hamiltonian

operators Hgs¢(p,, £,), the complex wave function ¥ (r)

and new values E£3¢, respectively (in 3D-NCPS symmetries).
Furthermore, replacing the ordinary product with a star
product (*), allows us to construct the DSE in 3D-NCPS
symmetries as [40, 41, 42, 43, 44]:

A (%) + ¥ (7) = Eggew (7). (18)
Which can be written in the equivalent form:
d?R,
2D + 2 (Enl = Vg (r, En) ) * Ruu(r) = 0. (19)

We briefly introduce the generalized Bopp’s shift method so
that the unfamiliar reader has no problem with the
mathematical tool. This method is widely used in 3D-NCPS,
and the solutions enable us to explore an effective way to
obtain improved potential in 3D-NCPS, which is based on the
following commutators [33, 34, 35, 36, 37, 38, 39]:

{[xw %] = [£,(0,2,0)] =
EARAGRAGIE

’”' (20)

The generalized positions and momentum coordinates
(%4, D,) in 3D-NCPS are dependent on corresponding usual
generalized positions and momentum coordinates (x,, p,,) in
QM by the following, respectively [53, 54, 55, 56, 57, 58,
59]:

oA oY "
(xwpy) = (R0by) = (xu — = Pubut Tx")' (21)
It is worth mentioning that the physicist Fritz Bopp was the
first to consider pseudo-differential operators obtained from
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(x — iil p +
(x )

id, .
EE) instead of the usual correspondence (x,p) — o

[56, 60, 61]. The above equation allows us to obtain the two
operators (#2 and $?) in 3D-NCPS symmetries [58, 59]:

a symbol by the quantization rules (x,p) -

(r?,p?) = (#%,p) =

<r2—Le,p2 + Lé). (22)
QM

3D-NCPS

The two couplings (L and L®) are (L0, +L,0,3 +
L,0,3) and (L,0,; + Ly, 0,5 + L,0,3), respectively and (L,
L, and L,) are the three components of the angular

momentum operator L while 0,, =0,,12 (see refs.[23, 24,

25, 35, 38, 40, 42]). In addition to what was previously
mentioned about the effectiveness of this method in solving
various non-relativistic quantum mechanics problems, its
applications extended to the relativistic state. By way of
examples, to draw the attention of the reader and the
researcher alike, we mention its previous applications
successfully on each of the deformed Klein-Gordon equation
[62-79], the deformed Dirac equation [45, 80, 81, 82, 83, 84],
in addition, the deformed Duffin-Kemmer equation [85, 86,
87, 88]. Thus, the reduced Schrédinger equation (without star
product) can be written as:

Hge (b %)W (1) = Egzew (7). (23)
Which can be written in the equivalent form:
d? Rn o
L0 4 20(Enl = Voo (7, En) )R () = 0. (24)

In 3D-NCPS symmetries, the Hamiltonian operator
HEC(p;, %;) and new effective potential V,,.(+, E,,;) for the
improved energy-dependent screened Coulomb potential can
be expressed as:

Hie (B %) =

R oW ald
Hege (xu =Xy pv' pu pu > xv)t (25)

and

A(1+gEqy)) exp(—at)
I —

V() = Vosc(FEpy) = — (26)

After straightforward calculations, we can obtain the

important  terms  (— w)amd( w)
which will be used to determlne the improved energy-

dependent screened Coulomb potential in 3D-NCPS
symmetries as:
_A(1+:qEnl) _ _AQ+gEn) _ A(1+gE:l)L0 +0(0%), (27)
2 T 2r

and
http://www.lajpe.org
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aexp(— ar)LG)_I_O(QZ)

exp(—at) = exp(—ar) + (28)
By combining Egs. (27) and (28), we can easily find the
expression of (— %M) in 3D-NCPS symmetries:

A(1 + gEnl) exp(—af) A1+ gEnl) exp(—ar)

exp(— ar)

—A(1 + gEm)( +

aexp(—ar)
272

)L(E) +0(0%). (29)

By making the substitution above Eq. (29) into Eq. (25), we
obtain that our worked Hamiltonian operator HZS¢(p,,, £,)
satisfies the equation in 3D-NCPS symmetries:

Hﬁic (ﬁw fu) = Hege (p;u xu) + H;fcsrf(r: 0, 9_); (30)

where the operator H,g.(p,,x,) is the usual Hamiltonian

operator for hydrogen-like atoms (He*, Li%" , Be3") under
standard energy-dependent screened Coulomb potential in
3D-NRQM symmetries:

2
_p A(1+gEn) exp(—ar)
Hesc(p;uxv) - Z - )

. (31)
while the rest three-terms are proportional with two
infinitesimal parameters (@ and 6) and then we can be
considered as perturbation terms Hg35(r, ©,80) in 3D-NCPS
symmetries as:

HES (1, 0,0) =

__ A(l+gEn) exp(-ar) 1\ E

2D B (a + ) LO + 7. (32)
The newly induced part Hy5$(r, 0, 0) appears as the result of
the deformation of the non-commutativity phase- space
symmetries. In recent work, we can disregard the second term

in Hy3$(r, 0, 0) the operator because we are interested in the
corrections of the first order (6 and ).

B. Perturbed spin-orbit Hamiltonian operator for
hydrogen-like atoms under improved energy-dependent-
screened Coulomb potential

In this subsection, we aimed to obtain the applicable physical
form of the induced Hamiltonian that appears due to the non-
commutativity of phase-space proprieties. To achieve this

goal, we replace both (L@ ,L8) with useful physical forms
B(OLO, HLS), respectively. We replace HZss (r, 0, 6) by new

useful form HESC(r, @, B) to obtain the new physical form of
the perturbed Hamiltonian as follows [62, 63, 64, 65, 66, 67]:

Hg¢(r,0,0) =
AQtgEnD) (a + %) exp(—ar) @} LS (33)

ﬁ{i_ 2r?

2u
with

Lat. Am. J. Phys. Educ. Vol. 18, No. 2, June 2024

2302-5

(34)

0? = 0f, + 03; + 9123}
— —2 —2 —2
9 = 612 + 623 + 913

And B = é is the atomic fine structure constant while S

denoting the spin of the hydrogen-like atoms (He*, Li*",
Be3*). As a direct result, the spin-orbit interactions
HESC(r, 0,0) induced automatically due to the deformation
of the phase- space. To the best of our knowledge, in ordinary
QM symmetries, we can replace the quantum spin-orbit
coupling LS with %(]2 - L2 - SZ), here ] =L+ S is the
global momentum of the hydrogen-like atoms ( He*, Li*",
Be3*). These data allow us to formulate the following

equation:
Bl _
2 (2u

Tos)

HES(r,0,6) =

%) exp(—ar) @} (TZ

A(1+gEnl) (a +

2r2

(35)

For hydrogen-like atoms, the physical eigenvalues j of the ]
can be confined to the interval |l —1/2| <j<|l+1/2]|.

We need to determine two-sided bounds to the eigenvalues
k(j,1,s) of the operator (] 2—12- SZ) as follows:

k- (j =1l- % l,s = %) for spin_down,

kG, Ls) = .
k, (] =1+

1

E,l,sz%) for spin_up.
(36)

On the other hand, it is possible to determine a diagonal
matrix H (r,@,é) of order (3x3) with diagonal elements

(H > )11' (H f:c) and (HEC) 55 = 0 as follows:

(HS)11 = afk (D)

5 —_— l P
{Z _ A(1;rrg25n ) (a + %) exp(—ar) 0} ifj =1+ % (37)
and
_ (Hg5 )22 = Bk_(D)
0 1 ]
{ﬂ - A(l;ngn ) (“ + ;) exp(—ar) @} ifj=1- % (38)

After straightforward calculation, the new radial function
R, (r) satisfies the following differential equation in 3D-
NCPS for hydrogen-like atoms such as He*, Li**and Be3*

under improved energy-dependent screened Coulomb
potential:
LD | 2p(EE — Vi (r, En) YR () = 0, (39)
with
ViZalr ) = VB + 5
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B {E _ AQttgEnl) (0( + %) exp(—ar) 0} Eg (40)

21 2r2

The above equation cannot be solved analytically for any state
because of the potential centrifugal term and the studied
potential itself. Therefore, in the present work, we consider the
following approximation type suggested by (Greene and
Aldrich) and Dong et al. for them [26, 89, 90]:

1 4a’exp(-2ar)

2 (1-exp(-2ar))?’

(41)

Allow us to obtain the following useful approximations:

3

exp(—ar) _ 4a®zZ
2 (1-z)2’

exp(-ar) _ 8a3z?

3 (1-2)3

(42)

This allows the application of standard perturbation theory to
determine the non-relativistic energy corrections ES3¢ of
hydrogen-like atoms (He*, Li**, Be3*) at the first order of
two infinitesimal parameters (€ and 6) due to phase-space
non-commutativity properties, instead of solving exactly the

DSE for the effective potential V*° (r,E,) given by Eg.
(40). Thus, we now attempt to obtain corrected energy for the

generalized effective potential V<(r, E,;) given by the
previous approximations:

esc _ _ 2aA(1+gEnl)z | 4a?i(l+1) z _
Vieert(z, En) = p— e TP {2#
4a3z2  2a2z3/2 -2
AQU+ ) (255 + 2220 ol Ls. @49)

The principal goal of this subsection is to determine the energies
(EX=e5¢(k_,m, a, A, J, 1, 5) = EX-es¢ and
E&esC(k_,n,a,A,j,l,s) = EL4C) produced from the
perturbed Hamiltonian operator H **° (r,@, 5) corresponding

to the two polarities (j = [ +§ and j =1 —%) at the first
order of two parameters @ and 6) for hydrogen-like atoms for
(n, 1) states by applying standard perturbation theory and
through the structure constants which specified the
dimensionality of improved energy-dependent screened
Coulomb potential of hydrogen-like atoms (He*, Li*",
Be3*). Thus, we obtain the following results with the
shorthand notations E¥%¢ and E&¢ of the corrected
energy spectrum:

+oo 2 (2 sfu,zcl—1>
E&esc = Bk, B2 [ ZZJ?"’a — 2)%6 |p, i (1-
0

so-n
2

22) {3 _A(1 + gEy) (

4a3z2
(1-s)3

3
2a%z2
2u + (1—s)2> Q} dr, (44)

and
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s0—n

400 2 <2 S%I,ZGL—1>
E&es¢ = Bk_B%, [ zZ\/S_’”u — 2)26t |P, Vi (1-
0

2

4372

0
27) {Z — A1+ gE,) (m +

3
20?22
(1_5)2) @} dr, (45)

We havez =exp(—2ar), and this allows us to

obtain (dr = —i%). After introducing a new variable
. 1 ds s+1

(s=1-2z), we obtain (dr = EE) and (1 ~z ZT)'

According to this change of variable, the approximations in
Eq. (42) become:

exp(-ar) _ 402732 42a?(1-5)3/?

2 -z (+s)? ' (462)
and
exp(—ar) _ 8a%z2 _ 16a3(1-s)?
B (=23 (1+s)3 ' (46D)

This allows us to reformulate Eqgs. (44.1) and (44.2) as
follows:

2G2+2 /sz +1 _
2 1 nl aEu esc

+1
2 _
— (1- syl
Bnl -1
2
) (2\[57“1,2(;1—1>
(1+z)%¢t [P, (s)
8a(1-s)2  2v2(1-5)3/2 0
{—A(1+gEnl)( oy 20y )O—Z}dz, 47)
and
+1

2GE+2 /sz +1 _
2 1 nl aEd esc

so—n
2
Bnl

—pk [ a- gl

-1

2
(2 /efwzcl—1>

(1+ )2 |p, (s)

8a(1—15)? 2v2(1—y5)3/?
{‘A(HQE’”)( EE a+5)2 )9
7]
_ﬂ} dz. (48)

Which can also be rewritten in the non-relativistic energy
corrections E¥ e (ky,na, A, g, j,l,s) and
E&esc(k_,n,a,A,g,j,1,s) at the first order of two

infinitesimal parameters (® and 5) for the hydrogen-like
atoms ( He*, Li**, Be3*) as follows:

u—esc — 2
so—-n  — BBnl_k+

fostin e ag+inmlag) @9

http://www.lajpe.org
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and
E&53¢ = BBk

[}
{9 ST La A g) + 2T La g)}. (50)

Here, the 2 factors T;(n, [, a, A) (i = 1,2) and Tz(n, L, @, g)
are given by:

T1(nlaAg)_Mf (1- )\/7+1(1+

2G%+2 & +1 _
2261+ 5
2
2
(2 snl,zcl—1>

5)2612—3 P, (s)| ds, (51)
2

T,(n,l,a,A,g) = MI (1- 5)2\/:7”+1/2(1 N

2 2G] +2\/i+1 -1

2

2 (2\/:211,261—1>
S)ZGl -2 Pn (S) ds, (52)
and
+1 .

T3(n,l,a,g)E— 1 f (1_5)2 9] 1(1+

2 2
2G{+2 €541
2 l nl a

2
2
<2 snl,ZGl—l)
n

)26 [P )| ds. (53)

It is natural to consider T5(n, [, &, g) an equal one because the
radial part of the wave function is normalized. For the ground

state with a quantum number (n = 0,1l), the Jacobi
(2\/:,211,261—1>
polynomial reduces to the P, (s) =1. This

allows us to rewrite the above three factors in Egs. (51) and
(52) to the following simple form:

2G7+2 [€23,+1
prtrrejeortt

Tl(oy l; a:A:g) =

+1 2
[ a- s)ZJ:Ol“a + 5)26f-34s, (54)
and
—2v2A(1 + gE
T,(0,l,a,4,9) = a + gEo)
22612+2\/5701+1a
+1 2,1
[ (- S)Z‘E-'—Z(l + 5)26 24, (55)
where g, and Eg are given by:
2 _ HEq1 1(l+1)
for =~ (274(; T T2 )’ (56)
and
[/1, [ ’ ]
-+ [=+l(l+1)
Ey = _a? 2 4 ) . (57)
e\ uA(1+gEol) 3
a(1/2+/1/4+1(1+1))
Lat. Am. J. Phys. Educ. Vol. 18, No. 2, June 2024
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Comparing Egs. (52) and (53) with the integral of the
form[90]:

+1
o, @=p)™ e A+ p)"*Fdp =
rn+a+1)r(n+p+1) (58)
(2n+a+p+1)r2n+a+p+1)’

22n+a+B+1

After straightforward calculations, we obtain the 2-factors

as follows:
2_
7,00,1, @, A, g) = 2240 +9E) " (2\/?&+2)F (267-2)
1\, L4, = ’
@ (2\/:31+2612—1>F<2\/:§l+2612—1>
(59)
and
— F<2 8(2)1+§>F(2612—1)
T,00,l,a,A,9) = A(L+gEo) F 2

a 2 2_1 2 2 1Y
(2 /sol+261 _E>F<2 £5112G;] —5)

(60)

Substituting Egs. (59) and (60) in Egs. (49) and (50), we
obtain non-relativistic energy corrections for the ground state
E¥e5(k,,0,a,4,j,1,s) andE& % (k_,0,a,4,j,1, s) at the
first order of two infinitesimal parameters (® and 6’) for
hydrogen-like atoms (He™, Li**, Be3*) corresponding to j =
l+1/2andj=1—-1/2as:

EY-esc = BBk, {OT(O, La A g)+ %} (61)
and ~

E-45¢ = BB k. {@T(O, LaAg)+ ;;M} (62)
with

TO,La A g) = Z T; (0,L,a, A, g).

i=1

For the first excited state(n = 1, 1), the Jacobi polynomial

PP(s)=a+1+@+p+2)==  which  gives
(2\/%,26,—1)

Py (s) = gu+hy(1—s) with g, =2\¢ef +

E 1(1+1)

1, hy =44 +G +1/2and &} = — (% B ) while
E; denoting the energy of the first excited state for the

standard energy-dependent screened Coulomb potential:

2
3 1 _ UA(1+gEnl)
Ey, = _a (2 + \* +H+D a(3/2+,/1/4+z(z+1))> _

L T e

3

(63)

Thus, the 2 factors in Egs. (49) and (50) reduce to the
following simple form:
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Tn(LLa A g) =T.(L,La, A g)+T,(1,1,a,4,g)
+T5(1,La, A, g),
T,(L,l,a,A, g) =T,,(1,L,a,A g)+T,(1,1,a,4, g)
+T,5(1,1,a, A, g).
(64)
Where the six elements are given in the following form:

Tn:w uf a- )\/; (1 + 5)260-3ds,
2261 +2‘/7[+1
11y, = 220080 g2 f (1- s)zJ:ﬂ”a + 5)260 34,
2261+2J71a -1
_ 2
Tys = —A01070 g2 f - s)zjj“”u + 5)260 34,
ZZGl +2\/i+1 -1
(65)
and

+1
_ —2V2A(1+gE1)
Tor = ZGZ+2\/7+1 i (
& —_
2201 urt, 1
—2v2A(1+gE1l) o

+1
Ty =—— 1 9u (
zzcl +2 slla -1

_ —2V2A(1+gE1l) ,

+1
Ty = 911 (
226[2+2\/E71[+1a -1 ( )
66
We apply the integral in Eqg. (56) to obtain the following
results:
gflr(z\/?fﬁz)r(z(;f—z)
Ty, = —24(1 + gE1l) ,
<2\/:§l+2612—1>1"(2\/:§l+2512_1>
gle"<2\/?§l+3>r(zaf—2)
1Ty, = —8A(1 + gE1l) )
<2\E+2612)F<2\E+2G12)
gﬁr(z\]?ﬁuu)r(ch—z)
T3 = —8aA(1 + gE1l) ,
(2\/?%1+2012+1>r(2\/?§l+2(;,2+1)
(67)
and
.. = ZAG+gE1D g%lr(z\/gl%)r(zﬁz—l)
21 a <2\/:§l+2612_%>r<2\/:%l+2612_%)’
—4A(1+gE1l) 9%11"(2\/:%1*'5/2)1"(2512—1)
Ty = . (68)
a (z\/s_fﬁch+1/2>r<2\/e_§l+265+1/2>
T = Z2AC+gE1D gflf(z\/:{ﬁ%)r(ch_l)
23 a (2\/:51+ch+%)1"<2\/:§1+2612+%)-

This allows us to obtain non-relativistic energy corrections
for the first excited state E% %¢(k,,1,a,4,9,j,1,s) and
E&ec(k_,1,a,A,9,j,1,s) at the first order of two
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1

1-— s)z\lgfﬁi(l + s)ZGlz‘zds,
3

1-— s)z\lgiﬁz(l + s)ZGlz‘zds,

2,5
1— S)Z\[:ll+2(1 + S)zclz—zds_
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infinitesimal parameters (@ and 6) for the hydrogen-like
atoms (He*, Li**, Be3*) corresponding to j = 1 +§andj =
l —% under improved energy-dependent screened Coulomb
potential, in 3D-NCPS symmetries as:
ELe¢ = BBk, {QT(L LLa, A g)+ %} , (69)

and

Ed-esc — gp2 1 {OT(l, La,Ag) + %} (70)
with

T(LLa,Ag)=Y2.T:(1,L,a,A4g).

Allow us to generalize this procedure to get non-relativistic
energy corrections E¥%%¢(k,,n a4, g,j,1,5) and
E&ec(k_,n,a,4,g,j,1,5s) for any excited state (n, 1), the
non-relativistic energy corrections at the first order of two

infinitesimal parameters (@ and 6) for the hydrogen-like
atoms (He*, Li**, Be3*) corresponding to j = | +% andj =
[ — 1/2 under improved energy depended screened Coulomb
potential, in 3D-NCPS symmetries as follows:

B = BBAk, 0T La A + 2} (1)

and

Eé-esc — gR2 {QT(n, La,Ag) + %} (72)

with
T(n; l; a:A;g) = 2=1Ti (n! l; a;A!g)'
This allows us to deduce the following important physical

results for hydrogen-like atoms (He*, Li**, Be3*) under
improved energy-dependent screened Coulomb potential:

nl( )Ylm(9,¢) —
nl( )

nl( )

HE(r,0,0)

Eso 2 (kym .4, 9,),1,5) Y™(6,¢) forj=1+1/2

EG S (kym a4, g,j,Ls) Y™(6,¢) forj=1-1/2

(73)

C. The bound-state solution of the modified Zeeman
effect for the improved energy depended on the screened
Coulomb potential

In this subsection, having obtained the energy spectrum
Eu®C and E&45¢ which is self-produced from the perturbed
Hamiltonian operator HE5(r, 0, ) corresponding to (j = [ +

1/2) at first order of two parameters (® and 5) for
hydrogen-like atoms for (n,1) states. For our purposes, we
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are interested in finding a new second automatically
important symmetry for improved energy-dependent
screened Coulomb potential. This physical phenomenon is
induced automatically by the influence of a self-uniform

magnetic field R if we make the following two simultaneous
transformations to ensure that previous calculations are not
repeated:

(6.9)

Here A and o are just two infinitesimal real proportional
constants so that the following physical units are identical
[A][X] = [@] and [][X] = [6]. We choose the magnetic
field to simplify the mathematical calculations without

- (L, DR (74)

N
compromising the physical content X =Ne,. Then we

transform the spin-orbit coupling to the new physical
phenomena as follows:

-

A(1 + gEnl) exp(—ar) - 6|~
- («+7)

—-]10+—",L
2r? + 2u -
A(1+gEnl) exp(—ar) 1 o
{[a e C (g 1 2) + Z} KL,. (75)

This allowed deriving the improved magnetic Hamiltonian
operator HZ%¢(r,A,0) for previous hydrogen-like atoms
under improved energy depended screened Coulomb
potential in local 3D-NCPS symmetries as:

HEC(r, A, 7) = { A(1+gEnl) exp(—ar) ((Z n l) n 1} 2

2r2 r 2y} mod:

(76)

Here X, = —SX denote to the usual Zeeman effect in

commutative quantum mechanics, while 8% ,, = N] - X, is
the improved Zeeman effect in 3D-NCPS symmetries. To
obtain the exact new magnetic modifications of energy for
the ground state, the first excited state and (n, I, m)t" excited
states of hydrogen-like atoms ( He*, Li**, Be3*) under
improved energy depended on screened Coulomb potential
EZ<,(0,a,4,9,m,5), EEC (1, a,A,g,m,s) and EEC,,(n >
2,a,4,g,m,s) wejust replace (k, (j, L, s) and (@, 0)) in Egs.
(61), (69), and (71) by the following parameters (m
and(4, o)R), respectively:

EZ€.(0,a,4,9,m,s) = BBR (lT(O' a4 g)+ %) m
(77)

esc. (1,a,4,9,m,s) = BB4X (lT(l, La, A g)+ %)m
(78)

and

B (n, @, 4,9,m,5) = BBAN (AT (0, A, + ) m
(79)
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The physical values of m are confined by the interval —I[ <
m < +1, which allows us to fix (21 + 1) values for discreet
numbers m. It should be noted that the results obtained in
Egs. (75), (76) and (77) can obtain it by direct calculation by
applying the formula:

ESSC, = (WIHE (1, A, 5)|¥). (80)

That takes the following explicit relation:

Eesc — lemxj‘ F(l )ZGZ n< \/ZJZGL_1>(1 —

2

25) {—A(l + gEnl) (‘*“352

(1-s5)3

2a°s2
+ o S)2>/1 + }dr. (81)
We end this subsection by addressing the important result:

HE*(r, 4,0)¥nim (1,6, @) = BBy R

(ATt L, 4,9) + LY mPum (60, 9). (82)
D. Bound state solution of perturbed Fermi gas for
improved energy depended screened Coulomb potential

For our purposes, we are interested in finding a new, third-
automatic, important symmetry for improved energy-
dependent screened Coulomb potential at zero temperature in
3D-NCPS symmetries. This physical phenomenon is induced
automatically by the influence of a perturbed Hamiltonian
operator Hgsf(r) which we have seen in Eg. (32), we
discover these important physical phenomena when our
studied system consists of N non-interacting is considered as

a Fermi gas undergoing rotation with angular velocity Q, if
we make the following two simultaneous transformations to
ensure that previous calculations are not repeated:

(@ﬁ) >0,
here (y,x) are two infinitesimal real proportional constants,
and to simplify the calculations without compromising

(83)

physical content, we choose 2 = Qe,. Thus, we transform
the spin-orbit coupling to the new physical phenomena as
follows:

9 |-

L
2uU -

A(1+ gEnl - 1\ >
_AQ + gEnl) exp( ar)(a+_)9+
212 T

{_)( A(1+gEnl) exp(—ar) (d + %)

X
" + Z} oL, . (84)

This allowed us to obtain the new modified Hamiltonian
operator H¢*“(r, x,x) for previous hydrogen-like atoms
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under improved energy-dependent screened Coulomb
potential in local 3D-NCPS symmetries as:

A(1+gEnl) exp(—ar)
2r2

HE(r, 0, x) = {—)( (a + %) + %} 0L,.

(85)

To obtain the exact NC Fermi gas modifications of energy for
the ground state, the first excited state and (n, [, m)®" excited
states of Fermi gas under improved energy depended on
screened  Coulomb  potential  E/~%°(0,a,4, g, m, s),
E,’;__isc(l, a,4,g,m,s) and EL°(n>2,a,4,g,m,s) we
just replace k. (j,1,s)/k_(j,Ls) and (©,8) in Egs. (61),
(69), and (71) by the following parameters m and (x, x)2,
respectively:

EnS = BB (x7(0La A g) + Z) am,  (86)

En =B (xT(L L4, g) + Z) om,  (87)
and

El %€ = pB?, ()(T(n, a, Al g)+ %) Nm. (88)

It should be noted that the results obtained in Eq. (88) can
find it by direct calculation by applying the formula:
EL 9 = (W|HE(r, 1, D), (89)

that takes the following explicit relation:

n

+oo
2
Ef % = lemﬂf 52\[;”(1 — 5)26¢
0

2

(1-2s)

(2 551,261—1)
i

n

4352 2a?s3/? X
{—A(l + gEnl) ((1 =57 + a- S)2>)( + ﬂ} dr.(90)

We end this subsection by addressing the critical result:

ersc(rﬁ)(')_()l‘unlm(r! 6! ¢) = ,BBrzll'Q

{)(T(n, LLa,A g)+ ﬁ} m¥,m (1,0, ). (91)
It is worth mentioning that Bencheikh et al. [91] studied
rotating isotropic and anisotropic harmonically confined
ultra-cold Fermi gas in a two and three-dimensional space at
zero temperature but in this study, the rotational term was
added to the Hamiltonian operator, in contrast to our case,

rotational term  (—y A4tgEm exp(ar) <a +

where  this 5
2r
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%)QZZ) with the corresponding kinetic operator %QZZ

appears automatically due to the large symmetries resulting
from the deformation of the phase space. It is important to
note that perturbation theory cannot be utilized to find

. —2
corrections of the second order (82 and 8 ) because we have
only employed corrections of the first order of infinitesimal

non-commutative parameters (€ and 6).

VI. RESULTS AND DISCUSSION

In the previous subsections, we obtained the solution of the
deformed Schrodinger equation for improved energy
depended screened Coulomb potential, which is determined
in Eqg. (1) by using the generalized Bopp’s shift method and
standard perturbation theory. The energy eigenvalues are
calculated in 3D-NCPS symmetries. The improved
eigenenergies for the ground state, first excited state, and
(n, 1, m)" excited states of hydrogen-like atoms (He*, Li**,
Be3*) under improved energy depended screened Coulomb's
potential:

ﬁic—o (0! k+l k—: a, A; g,]', l’ m, S);
Eﬁgil(l, k+! k—; a, A;jg’ ] l; m, S)y
and
E‘ﬁgc—n(n! k+l k—: a, A; g,]', l’ m, S);
with spin-1/2 are obtained in this paper based on our original
results presented in Egs. (61), (62), (69), (70), (71), (72), (77),
(78), (79), (86), (87), and (88), in addition to the ordinary

energy E,,; for improved energy-depended screened Coulomb
potential model, which is presented in Eq. (17) take the form:

Erelgc—o(of l' a,A,g) = EOl + ,BBgl ’

i X
(x (AT(O, La A g)+ ﬂ) m+ (XT(O' Lad g)+ ﬂ) an)|

0\ (ks forj=1+1/2
+B <0T(0, LaAg)+ ﬂ) {k_ forj=1-1/2

(92)
and

Ep¢ (L1, a,A g) = Ey + BB,

X (AT(l, La, A g)+ %) m+ ()(T(l, La A g)+ %) Om

o\ (ky forj=1+1/2
+B (@T(l, La,Ag) +Z) {k_ forj=1-1/2

(93)
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here Ey and E; are given previously by Egs. (57) and (63).
Thus, the generalized formula of energy spectra can be
expressed as follows:

2
a
EEc . (nkyk_,a,A,g,j,lLms) =——

2p
2
[T TA L7 — A5 _ UA(1+gEnl) _
[(n +1/2+J1/4+10+1 a(n+1/2+‘/1/4+l(l+1)))

1(1+1)
3

] +BBL(AT(n, L 4, 9) +

%) Nm++ ()(T(n, LLa,A g)+ %) om+

(OT(n, LaAg)+ Z)){kt forj’ =1- 1?2 o)

Thus, the total energy E3¢,(n, k,, k_,a, A, g,j,1,m,s) for
improved energy-dependent screened Coulomb potential in
3D-NCPS symmetries, is the sum of the ordinary part of the
energy E., and the two corrections of the energy (Es5-5°
E&esyforj =14+ 1/2and EES,(n,a, 4, g,j,m,s). Thisis
one of the main objectives of our research. Finally, we end
this section by introducing the important result of this work
as follows:
(Hesc(r) + Hs?gc (T', 01 0_) + Hzesc (T', /L E)) lpnlm (T', 0' d)) = (Enl +
B2,6R (AT(n, La,A g) + %) m++ BB ()(T(O, LaAg)+

%
e <0T(n,l,a,A,g) +%> forj = L + 1/2) oo
Bnl - lpnlm T 9r¢ .
k_ (@T(n, La,A,g)+ 2%) forj =1—1/2

(95)

This is one of the major drivers for this paper's topic. It is
clear, that the obtained eigenvalues of energies are real,
which allows us to consider the NC diagonal Hamiltonian
HEs<(r,0,6,1,7) as a Hermitian operator. Furthermore, and
regarding the previously obtained results presented in Egs.
(31), (35), (74), and (89), the global Hamiltonian operator, at
first order in (® and @), with improved energy-dependent
screened Coulomb potential for hydrogen-like atoms for (n,
[,m)t" states takes the form as:

He (10,0, 7,0)= Heg (o, ) HE (r,0,8)+

96
== rg)
where Hesc(p#,xv) present the Hamiltonian operator for
standard energy depended screened Coulomb potential while
H&C(r,0,0), HE(r,4,0) and  HF“(r,x,x) are the
perturbed spin-orbit Hamiltonian, modified Zeeman, and
perturbed Fermi gas operators, respectively. This is the
equation for Hydrogen-like atoms under the influence of
improved energy-dependent screened Coulomb potential
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interactions. It should be noted that this treatment considers

only first-order terms in either (® or 5). It is evident to
consider that the atomic quantum number m can take (21 + 1)

. 1
values and we have also two values for j=1l1t3

corresponding to up and down polarities, thus, every state of
energy, in the usual three-dimensional space, for improved
energy-dependent screened Coulomb potential will be
2(21 + 1) sub-state in 3D-NCPS symmetries. Thus, the total
complete degeneracy of the new version of the energy level
of the improved energy-dependent screened Coulomb
potential is obtained as a sum of all allowed values of |. Total
degeneracy is thus,

Y22+ 1) =2n? 97)

Modified energy depended screened Coulomb's potential

The effect resulting from the topological deformations of
phase-space led to the splitting of energy levels to become a
doubling of their number in the framework of quantum
mechanics known in the literature:

Yri@l+1) =n? (98)

Energy depended screened Coulomb's potential

This means that the energy levels shown with the 3D-NCPS
treatment appear more detailed and more straightforward
compared to similar energy levels obtained from QM
treatment because the total complete degeneracy of obtained
energy level becomes double in 3D-NCPS symmetries. Now,
we can deduce the energy levels
EEC ok, a, A g,j,l,m,s) = EEC,,, of neutral atoms (the
atoms that possess many external electrons equal to the
number of protons in the nucleus) under improved energy-
dependent screened Coulomb potential such as Sodium (11p
and 11e), carbon, and gold (79 p and 79 e) atoms, which are
known by their chemical symbols (Na,Cand Au)
respectively. We just replaced it k., (j, [, s) with the new value
k(j,1,s) which is determined by the following expression:

kG, Ls)=jG+1D+IU+1)—s(s+1),

in Eq. (94) to ensure that previous calculations are not

reputed:
2 1 1
EESC o = —‘Z"—H n+-+ /Z”(“’ 1) —
2
PR | SR lpBY [Tl @, 4, 9)(Nm +
a(n+%+\/%+l(l+1)> 3

k(1 $)0) +5-(¥m + k(j, L, 90)].  (99)
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V. CONCLUSIONS

From a modified version of the Schrédinger equation DSE
interacting with improved energy-depended screened
Coulomb potential inspired in symmetries of non-
commutative quantum mechanics, we have addressed the
problem of the hydrogen-like atoms (He*, Li**, Be3*) and
neutral atoms (Na,C and Au). The main purpose of this
manuscript is to apply the improved approximation scheme
to the centrifugal term for any I-states using the generalized
Bopp’s, shift method and standard perturbation theory in 3D-
NCPS symmetries to find the theoretical solution of DSE. We
reached the following results:

> We have obtained the new version of the energy
eigenvalues of Hydrogen-like atoms such as Het*,

Li**and Be3* under improved energy-dependent
screened Coulomb potential
(Erelz(io (01 k+l k—’ a, A’ g:j’ l’ m, S):

ﬁgil(l; k+’ k—l a;A:g;j; l;mls) and

Egc . (nky k_,a,A, g,j,1,m,s)) with spin-1/2 for the
ground state, the first excited state, and (n,l,m)"
excited states. The energy eigenvalues depend on
(a, A, g) parameters and the discrete atomic quantum
numbers  (j,I,m,s) and two infinitesimal
parameters(@,6), which are induced by (position-
position and  phase-phase)  non-commutativity
properties (see Egs. (92), (93), and (94))

» The energy eigenvalues of the bound states
EZC(n, k,a, A, g,j,1,m,s) of neutral atoms (**Na, *?Ca
and %8Au) under improved energy-dependent screened
Coulomb potential such as (?>Na, 2Ca and *8Au) atoms,
with spin-s for (n,1,m)" excited states obtained as a
function of the parameters of standard improved energy
depended on the screened Coulomb potential (@, 4, g)
and the discrete atomic quantum numbers (j,[,m,s)
(see Eg. (98)),

The modified version of the Hamiltonian operator
HESC(r, 0, 8)in 3D-NCPS symmetries is the sum of the
Hamiltonian operator of standard improved energy-
dependent screened Coulomb potential H . (r)and three
operators, the first one is the modified spin-orbit
interaction H&(r, ©,0)while the second is the
modified Zeeman operator HE“(r,A, @) for the
hydrogen-like atoms and neutral atoms while the third
term HE*“(r, x, x) corresponds to the Fermi gas at zero
temperature.

We observe that the behavior of the non-relativistic physical
or chemical system interacting with improved energy-
dependent screened Coulomb in 3D-NCPS symmetries,
remains similar to that in the relativistic case, where the spin
effect is clearly shown spontaneously. Furthermore, when the
two parameters (0,0) are reduced to the limited
values(0,0). The non-relativistic standard's results improved
energy-dependent screened Coulomb potential recovered in
Ref. [26]. Finally, this study has many applications in
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different areas of physics and chemistry such as atomic
physics (He*, Li**, Be3*) and molecular physics (?Na, **Ca,
18Au) amongst others. In our view, this behavior
significantly impacts the development of atomic and
hydrogenic-like atom devices. The results of this research
agree with those of previous comparable studies.
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