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Abstract 
It is shown that all angular characteristics of simple uniform motions ‒ uniform rectilinear motion ‒ such as the angle, 
angular velocity, angular acceleration, angular jerk, angular snap, angular crackle, and angular pop, are non-zero and 
exhibit non-trivial time dependence. The material presented may be useful for college and university students studying 
mechanics. 
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Resumen 
Se muestra que todas las características angulares de los movimientos uniformes simples del movimiento rectilíneo 
uniforme, como el ángulo, la velocidad angular, la aceleración angular, el jerk angular, el snap angular, el crack angular 
y el pop angular, son no-cero y exhiben una dependencia temporal no trivial. El material presentado puede ser útil para 
estudiantes universitarios que estudian mecánica. 
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I. INTRODUCTION  
 
The motion of a point particle is commonly described using 
linear kinematic quantities: the coordinate 𝑥(𝑡), the velocity 
𝑣(𝑡) = 𝑥̇(𝑡), and the acceleration 𝑎(𝑡) = 𝑥̈(𝑡) (here and 
throughout, each dot above a variable denotes a single 
differentiation with respect to time 𝑡, and the number of dots 
gives the order of the derivative). These form the basis of 
kinematics as taught in colleges and universities [1,2]. Less 
common are other linear kinematic quantities based on 
higher-order derivatives: jerk 𝑗(𝑡) = 𝑥(𝑡), snap 𝑠(𝑡) = 𝑥̈̈(𝑡), 
crackle 𝑐(𝑡) = 𝑥̈(𝑡), and pop 𝑝(𝑡) = 𝑥/(𝑡). These may arise, 
for example, in the description of impulsive motions [3, 4], 
chaotic motions [5, 6], material fracture [7, 8], collective 
particle motion in electron diodes [9], astrophysical 
modelling [10], robotics [11, 12], and the mechanics of 
athletic motion [13, 14]. In weightlifting - an Olympic sport 
- one of the fundamental competitive movements is itself 
named the "jerk" [14, 15]. 

By analogy with linear higher-order kinematic quantities, 
one can introduce angular quantities for rotational motion: 
the angle 𝜑(𝑡), the angular velocity 𝜔!(𝑡) = 𝜑̇(𝑡), the 
angular acceleration 𝑎!(𝑡) = 𝜑̈(𝑡), the angular jerk 𝑗!(𝑡) =
𝜑⃛(𝑡), the angular snap 𝑠!(𝑡) = 𝜑̈̈(𝑡), the angular crackle 
𝑐!(𝑡) = 𝜑̈⃛(𝑡), and the angular pop 𝑝!(𝑡) = 𝜑⃛/(𝑡). All angular 
quantities are marked with the index 𝑟. 

The angular jerk as a function of the polar angle was 
computed, for instance, for Keplerian motion along an 

elliptical orbit with respect to one of its foci, over the angular 
range from 0 to 2𝜋 rad [16]. 

The concepts and computational methods for angular 
kinematic quantities are entirely accessible to college and 
university students; yet, unfortunately, these quantities are 
almost never taught or discussed in textbooks. 

In this paper, within the framework of standard 
kinematics, we compute higher-order angular characteristics 
for the simplest uniform motions of point particles - simpler 
than those in [16] - namely uniform rectilinear motion and 
uniform circular motion, as seen by an observer located 
outside those trajectories.  

Rotational kinematics of a particle in rectilinear motion 
was studied early [17, 18]. However, angular jerk, angular 
snap, angular crackle, and angular pop are not considered.  

A key subtlety of all these angular quantities is the 
existence of a reference point or axis with respect to which 
they are computed - that is, the location of the observer.  

So, to the author's knowledge, the simplest kinematic 
problems of a particle in rectilinear motion with 
computations higher-order angular characteristics of a point 
particle have not been discussed anywhere previously. 
 
 
II. UNIFORM RECTILINEAR MOTION 
 
Let the observer be located at the origin of coordinates and 
let a point particle moves at constant velocity 𝑉 to the right 
along a straight line at a perpendicular distance 𝐷 from the 
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observer (figure 1). We wish to compute the angular 
kinematic characteristics up to sixth order as perceived by the 
observer. This setup corresponds, for example, to a sports 
scenario in which a video camera records a 100-metre 
sprinter by rotating its axis synchronously with the runner; or, 
in a traffic context, to a roadside camera tracking a fast-
moving vehicle by radar. Note that Doppler-based speed 
measurement depends on the observation angle. A study of 
the kinematics of observing uniform rectilinear motion has 
shown that non-trivial features can arise that may surprise 
students [19]. 

 
FIGURE 1. Geometry of observation of uniform rectilinear motion: 
the hollow circle  is the location of the point particle at 𝑡 = 0; the 
solid circle  is its current location; the eye  is the location of 
an observer, the arc arrow shows positive direction of the angle 𝜑. 
 

We write the equation of motion of the particle in 
Cartesian coordinates with initial conditions 𝑥(0) = 0 and 
𝑦(0) = 𝐷: 

                            9
𝑥(𝑡) = 𝑉𝑡,

𝑦(𝑡) = 𝐷.
             (1) 

  
We decompose the motion into radial and angular 

components relative to the observation point. As is standard, 
we take the positive direction of the angle to be measured 
counter-clockwise from the normal to the trajectory. The 
observation angle, which varies from 𝜋 2⁄  to −𝜋 2⁄  rad, is 
then 

𝜑(𝑡) = −arctan "#
$

.               (2) 
 

The negative sign in (2) arises because the point particle 
moves to the right, which is opposite to the direction of 
increasing observation angle. 

The smooth continuous function (2) may be 
differentiated any number of times. Exact expressions for the 
derivatives of (2) from first through sixth order are given in 
the Appendix A, equations (A1)–(A6). 

We set the motion parameters 𝑉 = 1 m·s-1 and  𝐷 = 1 
m. Plots of 𝜑(𝑡) and all its derivatives up to sixth order are 
computed for these parameters and shown in figure 2. The 
plots show, first, that all angular characteristics are non-zero, 
and second, that the shapes of the curves become 
progressively more complex with increasing derivative order: 
more local extrema appear and oscillations are generated. 
Analogous behavior is exhibited by the higher derivatives of 

the Gaussian function [20]. Table 1 of local extrema in 
angular characteristics is presented in Appendix B. 

Thus, when observing a point particle in uniform 
rectilinear motion, all higher-order angular characteristics are 
non-zero and display non-uniform non-trivial oscillatory 
behavior in time.     
 

 
    a)                                                       b)  

   

        c)             d) 
 

       e)           f) 
 

  g)   
FIGURE 2. Angular kinematic characteristics for uniform 
rectilinear motion: (a) – angle 𝜑(𝑡); (b) – angular velocity 𝜔!(𝑡); 
(c) – angular acceleration 𝑎!(𝑡); (d) – angular jerk 𝑗!(𝑡); (e) – 
angular snap 𝑠!(𝑡); (f) – angular crackle 𝑐!(𝑡); (g) – angular pop 
𝑝!(𝑡). 
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III. EDUCATIONAL SIGNIFICANCE  
 
In preparing this paper, the author assumed that the material 
presented is accessible to students at modern colleges and in 
the first years of university study. To follow it, students need 
only be familiar with the concepts of angular velocity and 
angular acceleration, and be able to differentiate elementary 
functions. 

The author has discussed these problems with students 
on numerous occasions during his lecture course. At the start 
of one lecture he would pose the question: can a stationary 
observer watching an object in uniform rectilinear motion 
register any non-zero angular acceleration? Almost 
invariably, students answer: no. By the end of the lecture they 
are genuinely surprised. 

Some students do find it challenging to identify the 
reference point for computing angular characteristics, to 
choose the time origin, and especially to decide on the 
positive sense of the observation angle - whether clockwise 
or counter-clockwise. 

Once they have mastered this material, however, students 
can discover new "hidden" kinematic features of familiar 
motions through the lens of angular kinematic characteristics. 
This prospect may serve as an additional motivation for 
diligent students to study the mechanics of motion, a field in 
which everything might seem to have been settled long ago. 
 
 
IV. CONCLUSIONS 
 
It has been shown that all angular characteristics of simple 
uniform motion - uniform rectilinear motion - such as the 
angle 𝜑(𝑡), the 𝜔!(𝑡) = 𝜑̇(𝑡), the angular acceleration 
𝑎!(𝑡) = 𝜑̈(𝑡), the angular jerk 𝑗!(𝑡) = 𝜑⃛(𝑡), the angular 
snap 𝑠!(𝑡) = 𝜑̈̈(𝑡), the angular crackle 𝑐!(𝑡) = 𝜑̈⃛(𝑡), and the 
angular pop 𝑝!(𝑡) = 𝜑⃛/(𝑡), are all non-zero and exhibit non-
trivial time dependence. 

The material presented may be of value to college and 
university students studying mechanics, offering them a new 
perspective on angular motion. It may also be useful to 
teachers. 
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APPENDIX A 
 
We list the derivatives of function (2) from first through sixth 
order. 
 
𝜔!(𝑡) = 𝜑̇(𝑡) = − "$

"!#!%$!
,       (А1) 

 
𝑎!(𝑡) = 𝜑̈(𝑡) = &""$#

("!#!%$!)!
,      (A2) 
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𝑗!(𝑡) = 𝜑⃛(𝑡) = &""$

("!#!%$!)"
(3𝑉&𝑡& −𝐷&),      (A3)

   
𝑠!(𝑡) = 𝜑̈̈(𝑡) = &)"#$#

("!#!%$!)$
(𝑉&𝑡& −𝐷&),      (A4) 

 
𝑐!(𝑡) = 𝜑̈⃛(𝑡) = &)"#$

("!#!%$!)#
(5𝑉)𝑡) − 10𝐷&𝑉&𝑡& +𝐷)), 

          (А5) 
 

𝑝!(𝑡) = 𝜑⃛/(𝑡) = &)*"%$#
("!#!%$!)&

(3𝑉) − 10𝐷&𝑉&𝑡& + 3𝐷)). 
         (А6) 
 
APPENDIX B 
 
TABLE 1. Local extrema of angle characteristics 
 

Angle 
characteristics 

Times of extrema Amplitudes of extrema  

𝜑(𝑡) no no 

𝜔!(𝑡) 0 +"
#

 

𝑎!(𝑡) 
−
√3
3
𝐷
𝑉

 −
3√3
8

𝑉$

𝐷$ 

+
√3
3
𝐷
𝑉 +

3√3
8

𝑉$

𝐷$ 

𝑗!(𝑡) −
𝐷
𝑉 −

𝑉%

2𝐷% 

0 −
2𝑉%

𝐷%  

+
𝐷
𝑉 +

𝑉%

2𝐷% 

𝑠!(𝑡) 

−
525 + 10√5

5
𝐷
𝑉 −

75√5525 + 10√5

9√5 + 5:
&

𝑉&

𝐷& 

−
525 − 10√5

5
𝐷
𝑉 +

75√5525 − 10√5

9√5 − 5:
&

𝑉&

𝐷& 

+
525 − 10√5

5
𝐷
𝑉 −

75√5525 − 10√5

9√5 − 5:
&

𝑉&

𝐷& 

+
525 + 10√5

5
𝐷
𝑉 +

75√5525 + 10√5

9√5 + 5:
&

𝑉&

𝐷& 

𝑐!(𝑡) 

−
√3𝐷
𝑉  −

3
8
𝑉'

𝐷' 

−
√3𝐷
3𝑉  +

81
8
𝑉'

𝐷' 

0 −24
𝑉'

𝐷' 

+
√3𝐷
3𝑉  +

81
8
𝑉'

𝐷' 

+
√3𝐷
𝑉  −

3
8
𝑉'

𝐷' 

𝑝!(𝑡) 
6 roots have very 

long formulas 
The global maximum 
𝑝!,)*+ ≅ 100.459 "

!

#!
 at 

𝑡 ≅ 0.2282 #
"

 

 
 


