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Abstract

Relativistic and nonrelativistic quantum mechanics formulated in a noncommutative space have recently become the
object of renewed interest. We approximately solve the deformed Dirac equation for a new suggested improved
Trigonometric scarf potential within the Coulomb-Hulthén-like tensor interaction (ITSP-ICHLTi) in the context of three-
dimensional extended relativistic quantum mechanics symmetries with arbitrary spin-orbit coupling quantum number
K . In the framework of the spin and pseudospin (p-spin) symmetry, we obtain the global new energy eigenvalue which
equals the energy eigenvalue in the usual relativistic QM as the main part plus three corrected parts produced from the
effect of the spin-orbit interaction, the new modified Zeeman and the rotational Fermi term, by using the parametric of
well-known Bopp's shift method, standard perturbation theory, and Greene-Aldrich approximation. The new values that
we get appeared sensitive to the quantum numbers (j, k, I, m, I, mP, s, sP), the mixed potential depths (Vo, Hc, HH), the
range of the potential &, and noncommutativity parameters (©, #, y). We recovered the problems of the nonrelativistic
limit of spin symmetry in the context of extended nonrelativistic quantum mechanics symmetries.

Keywords: Dirac equation, Trigonometric scarf potential, Noncommutative space, Bopp's shift method and star
products.

Resumen

La mecénica cuéntica relativista y no relativista formulada en un espacio no conmutativo se ha convertido recientemente
en objeto de renovado interés. Resolvemos aproximadamente la ecuacion de Dirac deformada para un nuevo potencial
de bufanda trigonométrico mejorado sugerido dentro de la interaccién tensor tipo Coulomb-Hulthén (ITSP-ICHLTI) en
el contexto de simetrias tridimensionales de mecanica cuantica relativista extendida con un nimero cuantico k de
acoplamiento de drbita-espin arbitrario. En el marco de la simetria de espin y pseudoespin (p-spin), obtenemos el nuevo
valor propio de energia global que es igual al valor propio de energia en la MC relativista habitual como la parte principal
mas tres partes corregidas producidas por el efecto de la interaccion espin-6rbita, el nuevo Zeeman modificado y el
término rotacional de Fermi, utilizando los parametros paramétricos del conocido método de desplazamiento de Bopp,
la teoria de la perturbacion estandar y la aproximacion de Greene-Aldrich. Los nuevos valores que obtenemos parecen
sensibles a los nimeros cuanticos (j, k, I, m, IP, mP, s, sP), las profundidades potenciales mixtas (Vo, He, HH), el rango del
potencial , y los pardmetros de no conmutatividad (®, 7, x). Recuperamos los problemas del limite no relativista de la
simetria de espin en el contexto de simetrias extendidas de la mecanica cuantica no relativista.

Palabras clave: Ecuacion de Dirac, potencial bufanda trigonométrico, espacio no conmutativo, método de
desplazamiento de Bopp y productos estrella.

I. INTRODUCTION

The end of the twentieth century was a happy event for all of
humanity, as it witnessed the emergence of two great
revolutions in the field of science that made humanity confront
a new phase of an exciting turn toward the enlightening horizon
and heralded an expected renaissance. These two enlightening
events shed light on each of the macroscopic states of the
universe, represented by Einstein's special and general
relativity, as well as the microscopic states associated with the
state of the atomic and subatomic systems. The latter is framed
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in quantum physical systems where the dimensions are
measured on the Planck scale and the Nanoscales. These very
accurate systems are governed by four fundamental equations
and are well known to researchers and specialists the
Schrédinger equation (SE), the Duffin-Kemmer Petiau
equation (DKPE), the Klein-Gordon equation (KGE) and the
Dirac equation (DE). The first equation (SE), describes the
relative position at the level of low energies, while the other
three equations describe the relative state at the level of high
energies according to the values of spin. The relativistic effect
must be considered when a particle is in a strong potential field,
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leading to a relativistic quantum mechanical description of
such a particle, with this condition, KGE, DE, or DKPE should
be used to describe a particle in a strong potential field.
Furthermore, the DE's spin and pseudospin symmetries, as well
as their contributions to nuclear and Hadron physics, are of
major physical importance. The trigonometric scarf potential is
among the important models that have been used in this
context. Wei et al. (2010) used a straightforward algebraic
approach to investigate the exact solution to DE with scalar and
vector trigonometric scarf potentials under the condition of
spin symmetry and presented the transcendental energy
equation and the spinor waveforms [1]. It can be used to
construct a periodic potential in solid-state physics and is also
used to describe one-dimensional crystal models [2, 3]. L'evai
et al. investigated the real and complex energy spectra of the
Trigonometric scarf potential within the framework of the PT-
symmetric quantum mechanics [4]. Quesne also used
exceptional orthogonal polynomials to expand the
Trigonometric scarf potential as the extended Trigonometric
scarf potential, finding that the extended version had the same
energy spectrum as the usual trigonometric scarf potential with
new wave functions [5]. Within the framework of an
approximation scheme to the centrifugal barrier, Falaye and
Oyewumi obtained solutions of the Dirac equation with spin
and pseudo-spin symmetry for the scalar and vector
trigonometric scarf potentials in dimensions D, as well as the
energy spectrum and two-component spinor eigenfunctions
[6]. Onate et al. investigated the solutions of spin and
pseudospin symmetries under the effect of the Trigonometric
scarf potential in the presence of a new tensor interaction and
obtained the nonrelativistic equation by taking the
nonrelativistic limit of the spin symmetry [7]. The main goal of
this research is to use Bopp's shift method [8, 9, 10, 11] to
investigate the spin symmetry and pseudospin symmetry
features of Trigonometric scarf potentials within the context of
Dirac theory but within the framework of new symmetries that
are more comprehensive than the symmetries of quantum
mechanics known in the literature, resulting in the deformation
of space-space. Another recent area of research that has
received a lot of attention is the study of physical and chemical
systems in a new phase-space known as noncommutative
quantum mechanics (NCQM), which is a more generalized
version of the usual quantum mechanics. NCQM symmetries
} #0and

ncu ' ncv

are based on the novel postulates{x(s’h'i) x(s.hi)

[p(s,h,i) (s,h,i)

neu s Prcy } # 0, which form noncumulative space-space

(NCSS) and noncumulative phase-phase (NCPP), respectively,
as well as the conventional quantum mechanics postulates
}&O. The

cu + Mncv

which generated the form {xﬁf'h'i) (s:h.i)

researchers believe that this expanded framework provides
hope for solving many of the problems observed in quantum
gravity, string theory, the standard model's divergence
problem, quantum field theory regularization schemes and the
study of low energy effective theories of D-branes in
background magnetic fields [12, 13, 14, 15, 16, 17, 18, 19, 20,
21, 22]. NCSS and NCPP are important tools for improving the
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current features of various quantum systems. whereas Connes
[23] introduced the geometric analysis of NCSS and NCPP in
1991 and 1994 [24, 25]. With a nonzero B-field, Seiberg and
Witten extend previous ideas concerning the advent of NC
geometry in string theory and derive a new form of gauge fields
in noncommutative gauge theory [26]. Among the potential
goals of NCSS and NCPP is that the emergence of new
quantum fluctuations can cancel the observed unwanted
divergences or the infinities that appear to cause short-range in-
field theories that include gravitational theory [27]. Through
this new study, we dig deeper into the study of this potential to
look at the possibility of other applications at the nano level.
The research reported in the present paper was motivated by
the fact that the study of the improved Trigonometric scarf
potential, including a generalized (Coulomb-Hulthén)-like
tensor interaction (ITSP-ICHLTI) in the DDT symmetries, has
not been reported in the available literature. In this work, the
vector and scalar ITSP-ICHLTi model (Vs (r,c ), Sis (o )) to be

employed is defined as:
LO+0(0%)=V:(r),

V(1) =V (r)_iavm(r) for spin-sy. 1)
ts \'nc ts 2r or |_P@_|_O(®2):Vlsp(r)l
for p-spin-sy.
and
Lo+0(0%)=s:(r),
Se(r.)=S (r)_iasts_(r) for spin-sy. @)
ts \'ne ts 2r or LD®+O(®2):S£(I_),
for p-spin-sy.

where (V,i(r),Si(r)) are the vector and scalar potentials
according to the view of RQM known in the literature [6, 7]:

@)

where V, /S, are the potential depths, « is the screening

parameter, (r,.andr) are the distance between the two

particles in the deformation of Dirac theory symmetries and
QM symmetries, respectively. The two couplings (L® and

LP®) are the scalar product of the usual components of the
angular momentum operators ( L(LX, Ly, LZ) /LP (LQ, Ly, LE)

) and © is the modified noncommutativity vector
@(912,6’23,013)/2 which presents the noncommutativity
elements parameter. In the case of Gy, the noncentral
generators can be suitably realized as self-adjoint differential
(5.h.i) ) appear in three varieties the first

1 ncv
one is the canonical structure (CS), the second is the Lie
structure (LS), while the last corresponds to the quantum plane
(QP) in the representations of Schrédinger, Heisenberg, and

operators ( xr(%;"i)
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interactions pictures, obeying the following set of commutation
relations [28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38]:

s h, | s h,i
nc, pncv j| Ih 5”/1
[ ' ’ (4a)
‘:pni; ) ’ pnzvh ) :l - 0’
and
- i0,,:0,, €ICForCS,
[Xﬁiﬁ DA 2L i axEn) o f2 eICFor LS,
. C“ﬁAngw'j '>Axg§;' :C% < IC For QP.
(4b)

which will lead to the following simplified relations within the
framework of quantum mechanics, known in the literature as,

[, g ]<ing,
[x(s'h'i) X0 ] =0.

1%

(4c)

We have used natural units 7=c=1. Thus, in the present
investigation, we define the non-commutativity of quantum

theory, in which coordinates {x,(fc';"i)} are non-commuted and

h,i s,h,i) _
ncu )}are ncu )_

ho i _ h [
(erwc,u’ chw X:mnc;t) and pr(my )_(prsmy! pnc;;: p:my) are the
generalized coordinates and corresponding generalizing
coordinates in the DDT symmetries, respectively, and IC is the

momenta {p(s' commuted. Here x!

complex number field. In the RQM symmetries,
xgj,h,l) (x# xy,xﬂ) and pﬂsh' =(p,.py.p,) are

corresponding coordinates. Furthermore, the usual uncertainty
relation corresponding to Eq. (4c) will be extended to two
uncertainties in the new form symmetry as follows:

A ARSI > g 8,12 (5)
and
Z 7
AxG It = d L, 12For Ls, (6)
K, 12 For QP.
hereL,, and K, are present the following average values

and , respectively.

(3]

a,p

The incertitude relation in Eq. (5) is obtained as a result of the
generalization of the second part of Eq. (4b) to the first part of
Eq. (4a), while the second uncertainty relation in Eq. (6) is the
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result of the deformation of space-space that appears from the
second part of Eq. (4a) that is divided into three varieties. It is
important to note that Eqs (4a) are covariant equations (the

same behavior xni/ﬁ" ) under the Lorentz transformation,

which includes boosts and/or rotations of the observer's inertial
frame. We have extended the modified equal time
noncommutative canonical commutation relations
(METNCCCRS) to include the Heisenberg and interaction
pictures in DDT. Here 7.4 =7 [39] is the effective Planck

constant, 6, =¢,,0 (6 is the noncommutative parameter,

and ¢, is simply an antisymmetric number, ¢, =-¢,, =1

v
with and ¢, =0) which is an infinitesimal parameter if
compared to the energy values and elements of antisymmetric
3x3 real matrices, and ¢, is the Kronecker symbol. The

symbol * represents the Weyl-Moyal star product, which is
generalized between two ordinary functions h(x)g(x) to the

new deformed form h(x)*g(x) in the symmetries of

deformation of Dirac theory, known as the star-product
determined by [40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51]:

x) For CS,
For LS,

For QP.

exp
h(x)*g(x) = eXp
qu(lZJ

i’ 60% 0% 3

Shl X
(aﬂ,ua

nc;z gk
2} 0!) h(u,v)g(u’, v)(

V—)V
u'—>u

here g, (k, p) equal the value:

vv 1 vv o
ga(krp):_kypvfk +Ekypv(pa_ka)fl nt1 o

In the current paper, we apply the MASCCCRs in the DDT,
which allows us to rewrite (h*g)(x) to the following simple
form (at the first order of the noncommutativity parameter

") as follows [52, 53, 54, 55, 56, 57]

(h*g)(x) =exp(ic” @02 ) (hg ) (x).

_— (7)
(hg)(x)-22-2

6;ha§g

x‘:xv+o(¢92).

Possible values for indices (,v) are (1,2,3) and 0(492) stand

for the second and higher-order terms of the NC parameter 6.
Physically, the second term in Eq. (7) presents the effects of
space-space noncommutativity. The outline for our paper is the
following: The first section includes the scope and purpose of
our investigation, while the remaining parts of the paper are
structured as follows: A review of the DE with the
Trigonometric scarf potential, including a generalized
(Coulomb-Hulthén)-like tensor interaction, is presented in
section 2. section 3 is devoted to studying the DDE by applying
the usual, well-known Bopp's shift method and the like Greene
and Aldrich approximation for the centrifugal term to obtain
the effective potentials of the ITSP-ICHLTi model in DDT
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symmetries. Furthermore, via standard perturbation theory, we
find the expectation values of some radial terms to calculate the
corrected relativistic energy generated by the effect of the
perturbed effective potential of the ITSP-ICHLTi model. We
derive the global corrected energy from the ITSP-ICHLTI
model. We will also treat the nonrelativistic limit. Section five
is devoted to the conclusions.

Il. OVERVIEW OF THE EIGENFUNCTIONS AND
EIGENVALUES FOE TSP-ICHLTi MODEL IN
RQM SYMMETRIES

To construct a physical model describing a physical system that
interacted with improved Trigonometric scarf potential within
the generalized (Hulthén and Coulomb) like tensor interaction
(ITSP-ICHLTI) in deformation Dirac theory, it is useful to
recall the eigenvalues and the corresponding eigenfunctions
under influence of the corresponding system within the
framework of relativistic quantum mechanics known in the
literature. In this case, the Trigonometric scarf potential within
the generalized (Hulthén and Coulomb) like tensor interaction
TSP-ICHLT:I is governed by the DE as:

HtIZS)ank (r’97¢): Enkank (r,H, gD) (8)
HE = ap+B(M + Sy (r))-iBru(r)+Vi(r)

here H'S is the Dirac Hamiltonian operator produced with
vector and scalar potentials (Vis(r),S(r)), M is a reduced
rest mass and p =—iaV it is the momentum operator. The
vector potential Vi (r) due to the four-vector linear
momentum operator A“( V,(r), A=0) and space-time
scalar potential S, (r) due to the mass, E,, is the relativistic
eigenvalues, (n, k) representing the principal and spin-orbit
coupling terms, respectively. The tensor interaction U(r)

equally (—%—%’%), H, and H,, are the Coulomb

and the Hulthén parameters, o; =anti_diag(n;,7;),
B =diag(l,.,,—1,»,) and 7, are the usual Pauli matrices.

Because the Trigonometric scarf potential has spherical
symmetry, solutions of the known form

Fruc(r) y | 6.0)
P (I’ 0, (0) [ r(r)YJ|p )}

Jm"('g

are allowed, here F,, (r) and G, (r) represent the upper and
lower components of the Dirac spinors ¥, (r,0,¢) while

Yin(0.9) and Yj';p (6,9) are the spin and pseudospin spherical
harmonics and (m, mp) are the projections on the z-axis. The
upper and lower components, Fy (r) and G, (r), satisfy the

two uncoupled differential equations illustrated below:
Lat. Am. J. Phys. Educ. Vol. 17, No. 1, March, 2023

(92 —klk+)r 2 +U S (1)~ (M + B3 — 4y (1)

@s()(a k() (92)
(M -5 o5, (0)s 5 EU (1)=g
and
(&5 —klk=Dr 24U (1) (M + B3 -2, ()
e)s ko (r (9b)
(M -3 5, () G ()=
Here UZ™(r) is given by:
2kL'J’ r) dLér!r[_U Z(r)
- for spin sy.
UA=sP(r)= 9c
eff ( ) 2k$(r!+d%£r!—uz(l’) ( )
for p/spin sy.
Putting the tensor interaction U(r) into Eq. (9c) we have:
A Hyexpl=or) A exp(-or)
2 1-exp(~or) r l-exp(-or)
ASL()fors in s
UE-+/5(r) = Cela)f O PN Y 10)
A _otgeola) A epla)
r2 1—8X(p( )) r 1-exp(-or)
A exp
—for /spin s
)
with

A =-2kH,—H, - HZ,
A =—2kH, +H, —HZ,
A, =2k + H)Hy
As =~(6+ Hy JHy,
A3Jr :(5—HH)HH

The negative sign and the positive sign correspond to the
effective tensor interactionU %" and U4"P, respectively,
while T (r)=V(r)+Ss(r) and Ay(r)=Vi(r)-S,(r) are
determined by:

2 (r)=——2— and dA‘S() =0= A, =Cq

sin?(ar)
for spin sy.

v, dz, B
Au(r)=-2 and ()03, =C,

(11)

for p/spin sy

In RQM symmetries, we derive the following second-order
Schrodinger-like equation:
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—xo(M SEy Ty (r))

and

e i, e @

with Ng =M +E5 —C, N, =M —E} +C, while k(k-1)

and k(k +1) are equals Ip(l P —1) and I(I +1), respectively. In

RQM symmetries, the authors of ref. [7] used the NU method
and Greene-Aldrich approximation for the centrifugal term to
obtain the expressions of the upper and lower components,

Fs(s) and GP(s), as a function of hypergeometric

(22 205 (ZJE,an';)(l_zs),

polynomials P, >(1—25) and P,
respectively,

a6 -ngsF o el T a2 g
and
P, fnp
on(s)=ngsE aospr el o g

here s = exp(~ 2ar) while 3 and f! are given by:

—4XVy

nk—\/ +7 =G5+ —:
nk_\/ AP - H6—4\1V0

while ¢, ¢35, A0 and 2§ are given by:

H.)(k+H, +1)+—(2k+2HH+ )+cj3

=(k+
My_n), 22 M +ES, (16)

413? = 52
AP =(k+H)k+H, —1)+HT(2k+2HH —“[TH)mg

while Nj and NJ are the normalization constants. The
equations of energy for the spin symmetry and the p-spin

symmetry, are given by [7]:
n(n +1)+%+(n+%)
NoM—E5)  Lrales +Huo ANV )

5 Lo 20+ 1+ 4(E5 + Hy 57— 48 0Vgo 2
17)

Lat. Am. J. Phys. Educ. Vol. 17, No. 1, March, 2023

and

n(n+1)+%ij+w}+(n+%)
MM +ER) X (k,5,Vg, Ho Hyy )
52 1+2n+ X (k,8,Vo, He, Hy )

., (18)

where,

(k 51V01H01HH):

J1+ (2 =20k + Ho )~ Hyy o+ a8V 2)

In the following sections, we will need another formula later
for the upper and lower components F(s) and G/ (s). We

will use the standard transform expression P )1 2s)
known in the literature, in the following form:

P( )(1 2) (n+a +l)

i, 1) ,F(-nn+a, +b, +L1+a,,s)

(19)

Thus, he upper Fi(s) and lower GF (s) components for
ITSP-ICHLTI become,

F3 (s)= NBsVés (1—5)%*fnskzF1(—n,n+2 & 215 +1;l+2\/§,s)

(20a)
and

Gh(s)= N;‘fsm(l—s)%”"i 2Fl(—n,nJrZ AP +2f 0 +11+2 ﬂgs)
(20b)

I‘(n+2 & +l)

ns np
here N nk and N nk m
E 3

are equal Npjy and

. l"(n+an2 A+
nk n!F(Z zgu)

G« (s) of spin symmetry and the upper component F.?(s) of
p-spin symmetry are obtained as follows:

, respectively. The lower component

N _; glt
S~ g g UM ORG), @
and
1
RO e Utk @
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I1l. The NEW SOLUTIONS OF DDE UNDER THE
ITSP-ICHLTIi IN THE DDT SYMMETRIES:

A Review of Bopp's shift method

In this subsection, let us begin by finding the DDE in the
symmetries of the deformation Dirac theory under the ITSP-
ICHLTIi model. Our objective is achieved by applying the new
principles which we have seen in the introduction, Egs. (4) and
(7), summarized in the new relationships MASCCCRs and the
notion of the Weyl-Moyal star product. In the DDT symmetry,
these data will allow us to rewrite the upper and lower
components, F(r) and G (r) in Egs. (12) and (13) as
follows:

B 2 glt—s
(k +1)r +U i (I’) *Fnsk(r):O, (23)
_xO(M - E:k +2Ls(r))
and
i K glt-p
o (k-2)r2+UdP(r) +GP (r)=0 (24)
(M + E A (r)>~<l

The application of the Connes technique [24, 25], or the
Seiberg and Witten [26] are two alternative ways to obtain
answers to Egs. (23) and (24). Below, we will introduce the
simple but powerful Bopp's shift method which has solved
many vital physical problems in deformation quantum
mechanics; the details can be found in [8, 9, 10, 11]. It is known
to specialists that the star product can be translated into the
ordinary product known in the literature using what is called
Bopp's shift method. F. Bopp was the first to consider pseudo-
differential operators derived from a symbol using the
quantization rules (X and p) = (X, =Xxand p,. =p +%8X)
rather than the ordinary correspondence: (X and p)—(
Xpe =X and p, = p +l26X ), respectively. For the researchers,

this procedure is known as Bopp's shifts, and this quantization
procedure is known as Bopp quantization. In recent years, this
method has had a great deal of success. Under the influence of
a variety of potentials, researchers were looking for a solution
to the deformed nonrelativistic Schrddinger equation
(DNRSE), this is through their successful application of Bopp's
shift method (see for example some typical references [58, 59,
60, 61, 62, 63, 64, 65, 66, 67, 68, 69]). On the other hand, this
method has achieved other successes on a relativistic level, for
example, we find some typical applications of this method in
the framework of the deformed relativistic Klein-Gordon
equation (DRKGE) (see the refs. [28, 29, 30, 71, 72, 73, 74]),
for the DDE (see for example the Refs. [34, 75, 76, 77, 78, 79,
80]) and for the deformed relativistic Duffin-Kemmer-Petiau
equation (DRDKPE) [81, 82]. Thus, Bopp's shift method is
based on reducing second-order linear differential equations of
the DNRSE, DRKGE, DDE, and DRDKPE with the Weyl-
Moyal star product to second-order linear differential equations

Lat. Am. J. Phys. Educ. Vol. 17, No. 1, March, 2023
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of NRSE, RKGE, DE, and RDKPE without the Weyl-Moyal
star product with simultaneous translation in the space-space.
It is worth noting that Bopp's shift method allows us to reduce
Egs. (23) and (24) to their simplest form with the ordinary
product known in the litterateur:

__k(k+1) e ""Uéqf-lft S(rnc)

Fa(r)=0, (25)
_&O(M - Enk +Zts (rnc))
and
glt p
R S IR
_(M + Enpk _Ats (rnc ))Nl

The modified algebraic structure of covariant canonical
commutation relations with the notion of the Weyl-Moyal star
product in Egs. (4) become new METNCCCRs with ordinary
known products in literature is as follows (see, e.g., [8, 9, 10,
11]):

|6? @7)

ncv

b it < hen
e o]
In the symmetries of DDT the generalized positions and

momentum coordinates ( X, (s h ) and Prcu (1) ) are defined as [8-
11]:

(28)
Pl = e

For spin symmetry and p-spin symmetry, respectively, the
operator r2 equal (r> —L® and r’>-LP®) [34, 75, 76, 77,
78, 79, 80], while the new operatorsVi(r,.), U (rc),

k(k +1)roZ and k(k-1)r,2 in the DDT symmetries, are
expressed as:

sin?(ar)

Ué;flft—s (rnc): 2kL:(r) _

5Uegfpis(r) L® 2
T  a ' O(® )

W) (29a)

U

and
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Uglt p( )_ 2kLrJ(r)+dL;£r)_U2(r)

UG P(r)
-RE e ofe?)
k(k +1)r2 =k(k +1)r 2 +k(k +1)r‘4L®+O(®2)

k(k—1)rd =k(k—1)r 2 +k(k —1)r’4L”®+O(®2)

(29b)

Substituting Egs. (29a) and (29b) into Egs. (25) and (26), we
obtain the following two similar Schrédinger equations:

(2 —Ke)  ygios )

dr? r

NolM - E3, 43, ()-=E (DS (1) =0,

d (30)

an

(%_k(r;)-*—ugflft P( )—(M +Enpk }4 Ypert b ) 0,
(31)

with

=P (r) = (_ 1 aug (D)r'*'\ovts( r) k(l::l)jl_@_'_o(@Z)' (32)

and

Y@e”(r){— 1 i (), ) k(ﬁl)ju’mo(@z). (33)

By comparing (Egs. (12) and (13)) and (Egs. (30) and (31)), we

observe two additive potentials (ZL"(r)and Y"(r)).

Moreover, these terms are proportional to the infinitesimal
noncommutativity parameter ®. From a physical point of

view, this means that these two spontaneously generated terms
E2(r) and Y2 (r)) as a result of the topological properties
of the deformation space-space can be considered very small

compared to the fundamental terms (Ets(r) and Ag(r)),

OV‘S g (r)
or

respectively. A direct calculation gives ( and

) as follows:

N(r) 2vy 1
Y T 23

) 34a
o . (34a)

and

VE=0)_ 2a7  5PH el o)
o 2 l-exp(-or)
.\ (§2HH —25A§)exp(- 20r) A, exp(-or)
(L exp(- o)) r? 1-exp(-or)
_ A, exp(- )_ A, exp(-247)
r 1-exp(-or) r (1—exp(-or))
_ 20AF exp(~36t)

(1-exp(- o))’

(34b)
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Substituting Egs. (34a) and (34b) into Eqgs. (32) and (33), we
obtain spontaneously generated terms (Z£"(r) and Y2"(r))
as follows:

267(r)=
(k(k+1)+ A’ —Vi%jLicSZHH exp(-or)
ré 2r 1—exp(-or)

i(SZHH —25A3)exp(— 25r)+i exp(— or)
2r (1-exp(-or))° 2r® 1-exp(-or)

Ly exp(—or) Ly exp(-2¢)

Tart e o) 2r? (-exp(_on))

L L 26A; exp(—3r)

2r (1-exp(~or))

(35)

Lo +o(e?)
and

Y (r) =22 (r)(Rg — Ny, k(k+1) - k(k -1),

(AlJr: A:;)—> (Af, Ag) and L® — LPO) (36)

Furthermore, using the unit step function (also known as the
Heaviside step function Q(y) or simply the theta function) we

can rewrite the global induced two potentials (= (r) and
AP(r)) for a spin and p-spin symmetries corresponding
upper and lower components ( F(s) and G, (s)) and (F.2 (s)
and G (s)), respectively as:

2P ()= ()olex - =Em ol £

37a
_{ =P"(r) for UC of spin sy. (372)

= pen

—Z£"(r) for LC of spin sy.
and
AP (1) = YE" (ol P)- v (ol E )
_JYE"(r) for UC of p-spinsy.
~Y&"(r) for LC of p-spinsy.

(37b)

Here UC and LC are the upper components and lower
components. The step function &(y) is given by:

1fory>0
0(x)= (37¢)
0for y(0

For spin symmetry, we first consider Eq. (30), which contains
the improved Trigonometric scarf potential within the
generalized (Hulthén and Coulomb)-like tensor interaction in
the deformation of Dirac theory symmetries. It can be solved
exactly only for k =0 and k =-1 in the absence of like tensor

interaction (H, =0and H, =0) since the two centrifugal

terms (proportional to k(k +1)r 2 and k(k +1)r™) vanish. In

the case of arbitrary k, an appropriate approximation should
be employed on the centrifugal terms. We apply the following
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improved approximation which was applied by Greene and
Aldrich [83]:

1 52 52 1 5 5
—= = o~ = . (38)
r? (1_8—5r )2 i-s)* r 1-e% 1-s

with 6 =2« . It should be noted that many researchers have

used this approximation in relativistic and non-relativistic
cases [84, 85, 86]. For p-spin symmetry, we now consider Eq.
(31) and will follow similar steps as in the spin symmetry case
in the deformation of Dirac theory symmetries. Same as before,
Eq. (31) cannot be solved exactly for k =0 and k =1 without
tensor interaction, since the two centrifugal terms (proportional
to k(k—1)r and k(k—1)r™*). Applying the approximations
Eq. (37) to the centrifugal terms of Egs. (35) and (36), the
general form of the additive potentials Z£*"(s) and Y£*"(s)
will be as follows:

T2Ss | T3Ss? Tass
asf s s
"ks )L®+O(®2)

:t;;ert (I‘) ( (lTr:) +

Tnk s?

osf '

(393)

s

o

and

Tok
(1—5)4
ToPs?

(t-s)’

TS
- S)
Tnk s8

Ty

T3Ps?  T4Ps
s
(-s)®  (-s)

LPe-+0(6?)

YE(s)=(
T2Ps
(1-s)?

(39b)

with

T =t

b

) +
nk ) 5

Tnk _Tnzkp - Tnk -

Tn3p (&" H *§A3 )

Voo | o4
k(k + S
o
Vg | o4
k(k— —ot e
5 HH M, —2A7 )2
2 y
4 Ao
Tnk _T p =73
3A2
2 )

52A;.

(40)

5 6
Tnk _Tnk _Tnkp _Tnkp -
e =0%A and TP =

Notably, the results yielded by the Greene and Aldrich
approximation, for small values or <<1, are in good agreement
with those obtained using other methods. We have replaced the

terms ((k(k +1)r™ and k(k—21)r™*) with the approximation
in Eqg. (38). The trigonometric scarf potential including a
generalized (Coulomb-Hulthén)-like tensor interaction is

extended by including new additive potentials Z2"(r) and

Y2 (r) expressed to the radial terms:

2

1 S S s
_ 49 21 3! _ 4 1
e e, (;n; ) (41)
(t-sf " (t-s)* (-s)*"
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to become the improved Trigonometric scarf potential
including an improved generalized (Coulomb-Hulthén)-like
tensor interaction in DDT symmetries. The newly generated

two effective potentials (Z2™(r) and Y&"(r)) are also

proportional to the infinitesimal vector ®. This allows us to
consider the new additive parts of the effective potential (

ER"(r) and Y£*"(r)) as perturbation potentials compared to
the main potentials 2 (r) and A,(r) which are also known
with the parent potential operator in the symmetries of DDT,
that is, the two inequalities ( Z£&"(r)<<Z(r) and
YR (r) << A (r)) have become achieved. That is all physical

justifications for applying the time-independent perturbation
theory become satisfied to calculate the expectation values of
previous radial terms. This allows us to give a complete
prescription for determining the energy level of the generalized

\th .
(n, I,mIP,mP,s,s p) excited states.

B The expectation values under the ITSP-ICHLTi in the
DDT for spin symmetry

In this subsection, we want to apply the perturbative theory,
in the case of deformation Dirac theory symmetries, we find

the expectation values Msiqing), M 5(aims) » M3(aims) » M (aims)

sp—ts
M S(nims)» M g(nims) and M (aims) Which are equals <ﬁ>(:lms)
sp—ts , \sp-ts s—ts s—ts
7 <(l*5)2 >(n|ms) ’ <(l*5)3 >(n|ms) ’ <(1’5)4 >(n|ms)7 <(1’5)3 >(n|ms) ,

s—ts s—ts
< 524> and < 534> respectively, for the spin
(1-s) (nIms) (1-s) (nims)
symmetry taking into account the wave function which we
have seen previously in Eq. (14a). Thus, after straightforward
calculations, we obtain the following results:

+00 F s - 2
Mls(;mtlsms) N Jsz S (-sfhe 2F1(— Anews1+293 ﬂ
0 L
(42a)
+00 5 - 2
MZS(}IISmS) anZ _[52 4SJrl(:l'_s)ank_l 2F1(_ new*l+2 653 ):‘
0 L
(42b)
+00 S . 2
M (nImS) anZ J.SZ 43+2(1_S)2fnk_2[2|:1(_ new’l"“2 53 H
0
(42c)
28 s :
AR R L BN

0
(42d)
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M) = Nis? TSZ Gy ghi? -zFl(—n,Asnew;HZ £ ,sj-zdr
0 _ (;Ze)
M (tls s) = anz.[ 2§§+2(1‘5)2f"5k_3_2':1( N1 +2y83, )_de
0 _ (_42f)
Mg = anzf 2 45*3(1—5)”&‘3[25( A L 2ES s j_zdr
0 (42))

the values AS., equal n+2,&5 +2f5 +1. We have used

useful abbreviations <M>(Snlt;s) ={(n,lm,s|M|n,I,m,s) to avoid

the extra burden of writing equations. Furthermore, we have
applied the property of spherical harmonics, which has the
form

Introducing the change of variable s = exp(— F). This maps
the region 0<r <o to 0<s<1 and allows us to obtain
dr= —% , and transform Eqs. (42a, 42b, 42c, 42d, 42e, 42f and

42j) in the following form:

+1 - 42

M i) = N"SZJ HET gt 2F1(_n:Asnew;l+2 §§,5j ds
0 = -

(432)

+1 - - 42

Mzs(rmtlsms)er?lfzjsz S -sf zFl(—n,Asnew;HZ 55?,5) ds
0 - J

(43b)

+1
M ;(—ntlsms) = Nr?fz '[Sz I +2—1(1_S)2f$k—1—1{2|:1( n Asnew,1+2\/7 ﬂ
0

(43c)

M = anz]‘1 2 §§+1-1(1_s)2f:k—2-1[2Fl(_ A1 22 s )T
0 (43d)

1 22

M iims) = anzjs2 45“‘1(1—5)2*"1“{25(— A1+ 2E5, ) ds
0 (43e)

+1 12
M iins) = N”SZI 253*“(1-s)2‘ﬂk“[zﬁ(—n,ﬁmw;uz 535,5) ds
] ]

(43f)
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4
st N ns2 2 43431 1 2f5—2-1 B 5 ’
Mg = (L-s) P~ Al +2é5 s || ds
0
(43))

We can evaluate the above integrals either in a recurrence way
through the physical values of the principal quantum number (
n=0,1..) and then generalize the result to the general

(n,1,m,s)" excited state or we use the method proposed by
Dong et al. [87] and applied by Zhang [88], to obtain the
general excited state directly. We calculate the integrals in Egs.
(43a, 43b, 43c, 43d, 43e, 43f and 43j) with the help of the
special integral formula:

+1

J € (1- )", Fy(c;. i ;8 )P ds = 1;((?2(:77)) JFo(cy, 0o mican +£1)

(44)

herezFl((:1 cz;c3;) is the generalized hypergeometric
¢z )y (1),

function and FZ(C]_!CZ m, C3 77+§ l equal Z ,7+§)n|

l

here (c,), denote to the rising factorial or Pochhammersymbol

while  T'(¢) denoting the usual Gamma function. By

identifying Eq. (44) with the integrals, we obtain the following
results:

r(z §§)F(2fnsk —2)
M s—ts N ns2

(nims) = Nk F( nsk ~ 2) (45a)
3F2(—n,x,§k,2f - 21+ 243, 21)
(2 $3 +1j1“(2 f ok )
M ;(_ntlsms) N b
F(Tnsk +1) (45b)

3F2(— N X2 fal+2yE3 T +1;1j

r(z o+ zjr(z f3 —1)

(TS +1) (45¢)

S—ts ns2
M 3(nims) = N

st(—”: X 2o =11+ 245 T +l;l)

r(z Zs +1jr(2 ts -2
(s -1) (45d)

s—ts ns2
M 4(nlms) = N

3F2(—n,xrfk,2f —214+2\&5, 11)
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r(z Iz +1)r(2 2 -1)

s—ts
M r(Ts) (45¢)

ns2
5(nlms) Nnk

3F2(—n,Xjk,2fn5k _1142 §§,Tn5k;1),

r(z s +2)r(2f;k—2)
r(Ts) (45f)

nk

MSKS

6(nims)

N
F( n X5, 2f8 —2:14 22, nk,)

r(z Iz +3)r(2f;k -2)
r(T; +1) (45)

3F2(—n,xgk,2f;k—2;1+2 5;,T5k+1;1),

MSIS

N ns2
(nIms) nk

with X5 and T, are equal 2,/& +2f5 +n+1 and

24/&; +2f5 respectively.

C The expectation values under the ITSP-ICHLTI in the
DDT for p-spin symmetry

In this subsection, we want to apply the perturbative theory, in
the case of deformation Dirac theory symmetries, we find the

expectation values: M ‘(”I‘f,mpsp), M p(;ﬁmps o) M e ')
(;ﬁ“mps ) (nl“mps ) Mﬁp(;ltf’mpsp) and M7 (Ip P ") which
p-ts S p-ts &2 p-ts
are equal < > , <—> , <—>
q nlpm sp (_5)2 (nl"mps") (L-s)® (nlpmpsp)

—ts p—ts , \ Pt
1] y 5_4 d
< nl"m”sp < s)? >( Ipmpsp) <(1_5) >(n|pmpsp) an

p-ts
<S—34> , respectively for p-spin symmetry with tensor
(t-s) (nlpm s )

interaction taking into account the wave function which we
have seen previously in Eq. (14a). On a careful inspection of
the upper wave function F, (r) and the lower wave function

Gk (r) in Sec. 3, we discovered that the upper component
F.x(r) can be transformed into the lower component G, (r)
and vice versa. This can be achieved by using the following
transformations in the (Nnﬁ(,zg, fnﬁ) and (Nﬁk,gf, fnsk) (in
Egs. (15) and (16)):

{Fnk(r)<:>Gnk(r):> NP < NS, 6)

JAP e g and £ o £
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This allows us to obtain the expectation values for p-spin
symmetry from Eqgs. (45a, 45b, 45c, 45d, 45e, 45f and 45j)
without re-calculation, as follows:

r(z 2 )F(ansk ~2)
p-ts — np2
1UnIPmPsP nk F(Tnsk _ 2) (47a)

3FZ(—n,X,fk,anSk —21+2\ A0 T —2;1)

(2 2 +1jr(2 i)

(s +1) (47b)

— 2
promese) = Niik

3Fz(—n,Xﬁk,ansk;l+2 28 T +1;1)

r(z 22 +2)r(2 fb —1)
M p-ts =N nEZ
glmes) = M (T +1) (47¢)

3F2(—n,xn”k,2fnﬁ 1142 ﬂ,f,TnﬁJrl;l)

r(z 29 +1jr(2fnr;_z)
M Jlomese) = Nk ;
(Tt -1 (47d)

3F2(— Xho2fp —2,1+2\ A0, TR —1;1)

r(z A +1jr(2 fe —1)
M p-ts =N nEZ
S(nl pmps") n ]"(Tnﬁ) (47¢)

st(— n X5 2fk —L1+2\/ A0 TR ;1)

r(z 28 +zjr(zfnﬁ ~2)
p—ts =N np2
6(n|pmp5p) nk F(Tnﬁ) (47f)

3F2( Xh2fR -21+2 ﬂg,Tnﬁ;l)

r(z 28 +3jr(zfn'; ~2)
p—ts =N np2
7(niemes?) ik r(rp +1 (47j)

st(— n X%, 2fp =21+ 2\ A0, TR +1;1)

with X5 and T are equal 2y4 +2f) +n+1 and

2|25 +2f %, respectively.
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D The corrected energy for the ITSP-ICHLTI in

deformation Dirac theory symmetries

The main goal highlighted in this subsection is to find the
contribution resulting from topological properties using our
proper strategy that we have successfully applied in previous
works and that we strive to develop in each new work. We can
say that the global relativistic energy in the perspective of
deformation Dirac theory is produced with the ITSP-ICHLTI
model as a result of a major contribution to relativistic energy
known in the literature under the TSP-ICHLTi model in the
usual Dirac theory and which we paved the way for through a
quick look at the spin(p-spin)-symmetry in Egs. (17) and (18),
while the new contribution is produced from the topological
properties under space-space deformation, which can be
evaluated through several contributions. We will examine three
of them.

D1 The corrected spin-orbital energy for the ITSP-ICHLTi
in deformation Dirac theory symmetries

The first is produced by the perturbed spin-orbit effective
potentials (Z2°*(r) and Y2"(r)), which correspond to spin
symmetry and pseudospin symmetry, respectively. These
perturbed effective potentials are obtained by replacing the

coupling of the angular momentum (L, L) operators and the
NC vector ® with the new equivalent couplings (®LS,

OLPSP)  for spin-symmetry and  p-spin-symmetry,
respectively (with ©2 =@%, + @3, +©%). This degree of
freedom comes into consideration when the infinitesimal NC
vector © is arbitrary. We have oriented the two (spin-spin- s

and spin-sP ) of the fermionic particles to become parallel to
the vector ® which interacted with improved Trigonometric
scarf potential, including generalized (Coulomb-Hulthén)-like
tensor interaction. We aligned the fermionic particles' two spin-

s and spin-sPto become parallel to the vector ®, which
interacted with a trigonometric scarf potential, including a
generalized (Coulomb-Hulthén)-like tensor interaction.
Furthermore, we replace the new spin-orbit couplings (®LS ,

®LPSP) with the corresponding new physical forms ©/2G?
and ©/2GP?, respectively, with G2=J2-1%-5 and
GP2=J2-LP2-SP2 for a spin (p-spin)-symmetry,
respectively. It is known, in RQM, the operators ( H®., J2,
L2, LP?, S%, SP? and J,) form a complete set of conserved

physics quantities, and the eigenvalues of the operators (62
and G pz) are equal to the values

F(j,1,s)=[i(i+D-1(1+1)-3/4)]/2
with | -1/2|< j< [I1+1/2]
F(j,lp,sp):h(j+l)—lp(lp—1)—3/4)]/2
with ‘Ip—1/2‘£js ‘|p+1/2‘
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for spin-symmetry and p-spin-symmetry, respectively. As a
direct consequence, the partially corrected energies AE ™ (n
& Ny, H. Hy @, j,1,8)=AEL™ and AEX P (n,a ,V,,
Ho,Hy,0,j,1P,sP)=AEZX™ due to the perturbed
Z2(r) and YE"(r) produced for the

effective potentials =

\th R . . .
(n, LIP,mmP,s,s p) excited state, in deformation Dirac
theory symmetries as follows:

O(j(i+D)—k(k+1)-s(s+1))
<Z>tsnlms)(n’a'VO' Hc’ HH )
AEQP = ®<(j(j +1)—k(k-1)—sP(s? +1)

A

AEPS

(48)

)

The global two expectation values <Z>Esmms)(n,a,vo, H., Hy)
ts
and <Z p>(mpmpsp

symmetry, respectively are determined from the following
expressions:

)(n,a,VO,HC,HH) for a spin/(p-spin)-

7
(n,a, Vg, H Hy ) =Y TrM
=1
7

(2 et ) S T
y=1

s—ts
7(nlms)?

<Z >ZZIms) (49)

p-ts
y(nl"m"sp)’

s—ts

where (; =1.7) while (T, T42) and (M 5(5s), M AT

are determined from Eq. (40) and (Egs. (45) and (47)),
respectively.

D2 The corrected magnetic energy for the ITSP-ICHLTIi in
the Dirac theory symmetries

The second main part is obtained from the magnetic effect of
the perturbative effective potentials (Z2°(r) and Y2"(r))

under the ITSP-ICHLTi model in the deformation of Dirac
theory symmetries. These effective potentials are achieved

when we replace both (L®,LP®) by (nNL,,7NLP),
respectively, and ®;, by 7, here (X and 7) are present the
intensity of the magnetic field induced by the effect of the
deformation of space-space geometry and a new infinitesimal
noncommutativity parameter, so that the physical unit of the
original noncommutativity parameter [@12]5 (Iength)2 is the
same unit of 7%, we have also need to apply

(n,1m’,s'|L,|n,1,m,s) =
MG ymO110nmOss With (<1 <m < 1)
<n’,|",mp,sp ‘L‘;‘n,lp,mp,sp>:

MPS o 28515 Gy With (£17 <mP < 1P)
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for a spin(p-spin)-symmetry, respectively. These data allow for
the discovery of the new energy shift AEZ9(

n,a,VO,HC,HH ,ﬂ,m)EAEtrsng_s AEtl;ng_p(
naVy,He,Hy,n,mP)=AEZ9P due to the perturbed
Zeeman effect created by the influence of the ITSP-ICHLTI

h . .
model for the (n,l,m,lp,mp,s,sp)t excited state in the
deformation Dirac theory symmetries as follows:

and

AED9S nN<Z>E‘Z ime) (1@ Vo, He, Hig Jm 50
Aty

ts

(nl"mps")

AET9-P n,a,Vy, H., Hy )mP
ts 0 c H

D3 The corrected rotating energy for the ITSP-ICHLTI in
the Dirac theory symmetries

We are about to find the third part, which is no less essential
than the first two sections discussed the development of self-
energy values as a result of deformation in space-space. As
indicated in Egs. (38) and (39), this physical phenomenon is
caused by the influence of perturbed effective potentials (
2P"(r), YE"(r)). The fermionic particles are thought to be
rotating at an angular velocity® . By substituting for the
arbitrary vector ®, the characteristics of this subjective
phenomenon can be identified yw . This allows us to replace

the two couplings (L®, LP®) for spin-symmetry and p-spin-
symmetry, respectively, with ( yLo , zL.°® ) as follows:

o) i)

Here y is just an infinitesimal real proportional constant. We
zts—rot Ats—rot

pert (3)7 pert (S))

which induced the rotational movements of the fermionic
particles as follows:

— pert ts—rot

:t’; (S) N Z pert
ert ts—rot

Y§ (S) Apert

To simplify the calculations, we chose a rotational velocity ®
parallel to the (Oz) axis (@ = we, ); this of course does not
change the physical characteristics of the investigated problem
as much as it simplifies the calculations. The spin-orbit
couplings are then transformed into new physical phenomena
as follows:

Lo

Lo (51)

can express the effective potentials (

g [Z
o [ZT

7=l

Tn;/lf M ;(_rﬁms)\] Lo

p-ts
M y(nl "mpsp)] L’

(52)
»
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o (s)Lo | [ gt SL )
Nt ()70 Nt ()2

All of this physical information enables the discovery of the
new corrected energies AES°(n,a,Vy,H.,Hy x m) and
AELP (n,aVy,H. Hy, 7, mP) due to the perturbed
Shert(s) and (s)) which are
generated automatically by the influence of the improved
Trigonometric scarf potential including generalized (Coulomb-
Hulthén)-like tensor interaction for the
h . . .
(n,l,j,m,lp,mp,s,sp)t excited state in DDT symmetries as
follows:

ts—rot
A

effective potentials ( pert

ts
A rsot—s <Z>(nlms)m
AEOt-P = X0 <Zp>ts P (54)
s (nlpm"s")

It is worth noting that the authors of ref. [89] investigated
rotating isotropic and anisotropic harmonically confined ultra-
cold Fermi gases in two and three-dimensional space at zero
temperature, but in this case, the rotational term was added to
the Hamiltonian operator, whereas in our case, the two rotation

operators (S5 (s)Le  and  AS'(s)LPw)  appear
automatically due to the augmented symmetries resulting from
the deformation of space-space under the improved
Trigonometric scarf potential including generalized (Coulomb-
Hulthén)-like tensor interaction. For fermionic particles/anti-

particles, the eigenvalues (F(j,1,s) and F(j,l p,sp)) of the

operations (G2 and G P?) are equal to the following values:

e

i(j+D)-1(1+1)-3/4]/2

F(17,s7)= i+ -1P(" +1)-3/4)2

respectively. Thus, for the case of spin-1/2 fields, the possible
values of j are (I1+1/2 and IP +1/2) for spin symmetry

F(j,1,s) and pseudospin symmetry F(j,l p,sp) , as follows:

F(j=1+1/2,5s=1/2)=

1 I Uppolarity : j=1+1/2 (55)
2 |-(1+1) Down polarity : j=1-1/2
and
Fj=1P 172,57 =1/2)=
1) 1P Uppolarity : j=17+1/2 (56)
2 —(Ip +1) Down polarity : j =1 -1/2

The global relativistic energy Ef*(n,a ,Vy,H,,Hy , 0,7
e J ' I,S,m) (E;SC*S, in Short) and Eltlst;p(n'a ’VO‘ HC’
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Hy,0,7,7,j, 1”,s?,mP) (EE®, in short)for spin-1/2
with improved Trigonometric scarf potential, including a
generalized (Coulomb-Hulthén)-like tensor interaction, in the
DDT symmetries, corresponding to the generalized

h .
(n,l,m,s,l p,m",sp)l excited states:

Er® = Ef +(Z)(pyme) (M@ Vo, He Hig )x

(7N + yw)m+ £ (57a)
| forUP: j=1+1/2
~(1+1) forDP: j=1-1/2

and

ts
B P =ER+(Z p>(mpmpsp)(”’“’vo’ He Hy )x

(7N + yo)mP + & (57b)
IP forUP: j=I1P+1/2
(1P +1)foroP: j =17 ~1/2

Where En  and E} are usual relativistic energies under

trigonometric scarf potential including a (Coulomb-Hulthén)-
like tensor interaction obtained from equations of energy in
Egs. (17) and (18). here UP and DP are Up polarity and Down
polarity, respectively. We can now generalize our obtained

energies Eg7y. and Eg f which were produced with the

globally induced two potentials = (r) and AP} (r) for a
spin and p-spin symmetries corresponding (UC) and (LC) (
F3(s) and G5 (s)) and (F.2(s) and GF (s)), respectively as:

Egne = Eéi‘st”qEﬁi‘s )— Eﬁi‘se(— Ene ° )
_ E,tfc_s for UC of spin symmetry (58a)
— E5 for LC of spin symmetry
and
S
(58b)

| Eq P for UC of p-spin symmetry
—EBP for LC of p -spin symmetry

VI. THE IMPROVED TRIGONOMETRIC SCARF
POTENTIAL PROBLEM IN D-NRQM
SYMMETRIES:

To achieve a nonrelativistic study of the improved
trigonometric scarf potential, we will apply the principle of the
nonrelativistic limit, in deformation nonrelativistic quantum
mechanics (D-NRQM) symmetries through two stages. The
first step corresponds to the nonrelativistic limit, in usual
Lat. Am. J. Phys. Educ. Vol. 17, No. 1, March, 2023

nonrelativistic quantum energy. This is done by applying the
following steps, we replace: (H.,H,,C,)—(0,0,0),
Ey +M —>2u, E3-M—>EY and k(k+1)—I1(1+1).
This allows us to obtain the nonrelativistic energy levels as:

2
o 20° %— (I+1)—n(n+l+2—1n)—(n+%) (2|+1)2—8:%

nl —

H 2n+1+\/(2l+1)2—8:%

(59)

Now, the second step corresponds to the transformation of the
relativistic coefficients T2 (;/ =1, 7) under the previous
correspondence to the new nonrelativistic coefficient:

= (|(|+1)—\/‘)—§<’ja. (60)
(04

This allows us to re-export the relativistic expectation values

of spin symmetry <Z>Esnlms)(n,a Vo, H.,Hy) in Eq. (49)

from the corresponding nonrelativistic expectation values

<Z>ts_"r)(n,a,vo) as:

(nims

<z>'“r)(n,a,v0)=2a(|(| +1)—VZ:§°]M bimeys (61)

(n|m5 1(nlms

which allows us to express the nonrelativistic correction energy
AES . (n,a Vo, H,,Hy,®,7,7,j,1,5,m) produced
by the improved Trigonometric scarf potential problems as

AErﬁi_nr(n,a,Vo,G),n,;(, j,I,S,m): <Z>E:r:$r)(n,a,vo)
Of | UP:j=1+1/2 (62)
{(”Nw“))m?{—ﬂ +1)DP:j=1-1/2

According to the time-independent perturbation theory, in D-
NRQM symmetries, considering that the improved
Trigonometric scarf potential is combined from the main part
(Trigonometric scarf potential in NRQM symmetries) and a
perturbed part that can be considered an infinitesimal term
compared to the principal term, thus, the global nonrelativistic

energy ES . (n,a,Vg,©,7,7,j,1,5,m) is the sum of
usual energy E in Eq. (59), and the obtained infinitesimal

correction AES, ., in Eq. (62), as follows:
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_Z;‘#—I(I+1)—n(n+l+ﬁ)_2
co 20t (et
A1 2n+de (2042 -2 (63)
ts—nr e[ | forUp
(2 {("Nw‘”)m +E{—(l +1) for DP}'
It should be noted that the corrected energy AES. . expressed

in Eg. (62) is due to the effect of the perturbed potential
V;izrt(r):
10+1) 1 av,(r)

v 2r or

Vinlr)=|

jL®+O(®2) . (64)

The first term in Eq. (64) is due to the centrifuge term

I(1 +1)r,2 in D-NRQM symmetries, which equals the usual

centrifuge term I(I +1)r’2 plus the perturbative centrifuge term

I(1+1)r*L® while the second term is produced with the

effect of the improved Trigonometric scarf potential. This is
one of the most important new results of this research. It is
worth noting that for the three-simultaneous limits
(©,7, 7)—(0,0,0), we recover the energy equations for the

spin  symmetry and the p-spin symmetry under the
Trigonometric scarf potential, including a generalized
(Coulomb-Hulthén)-like tensor interaction, which is presented
in the ref. [7].

VI. CONCLUSIONS

In summary, this work presents an approximate analytical
solution of the 3-dimensional deformed Dirac equation with the
improved Trigonometric scarf potential within the generalized
(Hulthén and Coulomb) like tensor interaction under
pseudospin and spin symmetry limits with an arbitrary spin-
orbit coupling quantum number k. To do so, we have dealt
with the centrifugal potential term using the Greene-Aldrich
approximation. To do so, we have dealt with the centrifugal
potential term using the Greene-Aldrich approximation. We
obtained new approximate bound-state energies that appear to

be sensitive to the quantum numbers ( j,k,I,m,1?, mP s sP),
potential depths (Vy,H.,Hy) of the studied potentials,
potential range « , and noncommutativity parameters (®,7, ¥

) under the condition of spin and pseudospin symmetry. We
also ended our research with this treatment of the
nonrelativistic limit of the improved Trigonometric scarf
potential in D-NRQM symmetries. It is worth mentioning that
for all cases, to achieve the three simultaneous limits
(®,77,;()—>(0,0,0), the ordinary physical quantities are
recovered in ref. [7]. Finally, a feature of a noncommutative
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geometry on the 3-dimensional deformed Dirac equation with
the improved Trigonometric scarf potential within the
generalized (Hulthén and Coulomb) like tensor interaction
would be the presence of many physics phonemes, such as
spin-orbit and pseudospin-orbit, modified Zeeman effect, and
others, which cause the behavior of topological properties of
deformed space-space. However, when compared to related
work in the literature, our new results revealed a great
improvement.
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